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Preface

This investigation was sponsored by the light Control "ivision
of the Air Force Flight Dynamics Laboratory, Wright-Patterson AFB.
My thanks are expressed tc¢ Mr. M. A. Ostgeard of that Division for
his helpful discussions or tle problems of flight control, and for
his assistance in providing wme with an intrc uction to current

literature on the subject.

In addition, I want to thenk Mr. F. J. Sansom of the Director-
ate of Computation for his advice on the use of the MIMIC programm-
ing system in the IBM 7094 computer, and also my thesis advisor,
Professor C. H. Houpis of the Air Force Institute of Technology,

for his support and encouragement.
It has been saidl that,

A decade of promise and a dearth of actual applications
mark the turbulent past of self-adaptive flight control.

Presented in this thesis is an outline of the problem involved
in designing a control system for a high perforwmance aircraft or
aerospace vehicle, and an indication is made of one possible
avenue of approach to its solution which may, perhaps, be worth

further development.

For the student of control theory or electrical engineering
who is unfamiliar with the particular field of aircraft control
systems, the article referenced below is recommended as an

introduction to the subject.

1Andeen, Re E. "Self-Adaptive Autopilots." Sgace/Aeronauticsx
pp. 46-52, April 1965,
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Abstract

-3 In a high performance aircraft changes in Mach number, angle
- '8 of attack and altitude can cause a large variation in the short-
period transfer function. To provide the pilot with a constant
pitch rate control characteristic sn airborne computer, with
inputs of elevator deflection angle and piich rate, is used to
identify and track changes in the elevator effectiveness,

Empiricel equations are defined to approximate the airoraft
time constant, damping factor and natural frequency as funotions
of elevator effectiveness in three difference equations, which
are iterated to model the aircraft. Parameters in the difference
equatione are perturbed until the equation which uses a value of
elevator effectiveness intermediate between the values in the
other two equations also has the smallest mean square error from
the actual airoraft response. The value of elevator effectiveness
in this intermediate equation is ihen presumed to be the same as
that of the aircrart, and is used to set the loop gain to a pre-
determined suitable value,

Simulation with an airoraft whose elevator effectiveness
varied over a range of 2403l showed that the desired loop gain
was muintained within a factor of two for both pilot comhand
inputs and for random wind gust disturbances of root-mean-square
magnitude 20 ft./sec. Gain adjusiment rates of up to 6 dB/ssc.
were achieved.
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A SELF-ADAPTIVE AIRCRAFT PITCH RATE CONTROL SYSTEM EMPLOYING
DIFFERENCE FQUATIONS FOR PARAMETER IDENTIFICATION

I. Introduction

Peedback Design Philosophy

For a plant which has well defined and relatively constant
parameters the techniques for designing a closed 1loop control
system which has a fast response and adequate stability have been
extensively formulated. These techniques ensure that small amounts
of drift in the values of the plant parsmeters, due to ageing or
environmental changes, have an insignificent effect on the overall

performance,

However, in the cese where the gain of the plant (as distinct
from its dynamic terme) has a wide range of variation, the design
problem becomes acute: if the loop gain is set to a value which
provides satisfactory operation when the plant gain is high, the
control response will be slow when the plant gain decreases; but
if the loop gain i3 met to a value suitable for low plant gains, the
system may become unstable when the plant gain is high. One way of
reconciling these conflicting requiresents is to use lead compen—
sation to inorease the frequency at which the loop phase shift
reaches ~180 deg. When such compensation is made, it is theoretic-
ally possible to achiave the desired loop gain for low plant gains,
with sufficient gain margin to accommodate the maximum plant gain.

In principle, for a truly linear control system, any degree of
plant gain variation may be tolerated if enough lead compensation is
used. Practviocal considerstions, however, impose restrictions on the
effeotive amount of compensation which can be applied. As the plant
gain inoreases from its minimum value, so alsc does the control
system bandwidth, so that for large plant gaine the bandwidth is
greater than necessary. The result is that the control system has
undue sensitivity to noise arising from spurious inputs to the loop,
and from the feedbaock sensors. Additionally, high order plant
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dynamics cause phase shifte at high frequencies which tend to
destabilize the loop. Thus, in the event of large varisastions in
the magnitudes of the plant parameters, an alternative approach to

control system design is indicated.

Adaptive Control Systems

A high performance aircraft is an example of a plant for which
the design of a control system entirely by conventional means is
difficult, if not sometimes impossible, without degradation of the
handling qualities in some flight regimes. This situation arises
largely because of the variation in control surface effectiveness

as a result of changes in Mach number, air density and angle of

gt o v e 2 o

attack, etc. Design of a control system in which gain is scheduled
as a function of the output of an air data computer is one solution.
A system of this type is called adaptive, since it is continuously
altered automatically to suit the surrounding environment. The
major limitation is that the relationship between aircraft response
characteristics and particular Flight Conditions (F.C.) is indirect,
80 that a completely satisfactory gain scheduling program can only
be arrived at after extensive flight testing.

Self-adaptive systems, in which gain (and possibly other
control parameter) adjustment is made after an internal measurement
and evaluation of the actual dynamic response, offer a more direct
method of achieving a consistent control performance. Among the
many self-adaptive aircraft control systems which have been
proposed and investigated the Minneapolis-Honeywell and General
Electric systems have probably undergone the furthest development.
The first of these (Ref. 12) was first flown in the X~15 in
December 1961, while a version of the General Electric syetem
(Ref. 6) is now being installed in production F-111 airoraft.

Identification

Inherent in the use of self-adaptive control systems is the
need to identify the aircraft parameters. An explicit identifica-
tion of the aircraft transfer function coefficients involves a
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large amount of digital data processing (e.g. Ref. 22) on control
input and output signals. Ths information thereby obtained is more
than is required, unless the self-adaptive system is coupled with
control system parameter optimization to minimize an integral
square error criterion of performance. Optimization in this sense,
simply to achieve acceptable handling qualities, has not so far
been found necessary, although in thrust or fuel management systems
such criteria are of importance in minimizing time to climd to

altitude, or meximizing range.

The success of the Honeywell and General Electric systems
undoudbtedly liees in the fact that they can be mechanized without
the need for an airborne digital computer. In neither case is any
attempt made to completely identify the airoraft parameters.
Instead, the assumption is made in both systems that there are
prescribed regions in the complex plane which define possibdle
locations for the aircraft zerc and open loop poles. By suitable
choice of rate gyro, servo/actuator and compensator, the locus of
the pair of complex actuator poles (the first to become unstable)
is forced to approach the imaginary axis in the required direction
for all flight conditions. The angle of approach towards the
imaginary axis is determined by two different considerations:

a. Honeywell System. The actuator poles approach the imag-
inary axis horizontally, so that the frequency of the actuator
mode ('o) is constant near the axis. A bandpass filter and
rectifier circuit measures the amplitude of frequency compon-
ents at v, and, in a control loop containing a limiting '
amplifier and variable gain element, the gain is constantly
adjusted to stabilize a small amplitude limit oycle. The
action of the gain adjustment process is thus similar to that
in a radio super-regenerative detector, and in operation the

1limit cycle shows a similar squegging tendency (Ref. 1:145).

b, General Electric System. The actuator poles approach the
imaginary axie with a positive slope for increasing loop gain,
so that the locus passes through a mode frequenocy w,.¢ with a
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damping factor of approximately 0.25. A bandpass filter cen~
- tered on L is used in conjunction with a frequency sensor

to detect or which side of Yoef the actuator mode occurs

whenever it is excited by control inputs, and the lcop gain is

then adjusted to return the mode to Fref®

Scope of the Thesis )

The self-adaptive pitch rete control system which was proposed
and investigated in this thesis resembles the Honeywell and General
Electric systems in that complete parameter identification is not
mades only the magnitude of the control surface effectiveness is
determined, and tnis information is used to adjust the loop gain to
provide constant gain and phase margins for all flight conditions.
A distinction is that, whereas design of the Honeywell and General
Electric systems was carried out by root locus methods, with
identification in the frequency domain, in this thesis the reverse
procelure was followeds; the control loop design was by frequency

response analysis, and identificstion was made in the time domain,

: Figure 1 shows a functional bluck diagram of the control

7 3 ; system, which includes an airborne digital computer (the gain
computer) and a pre~filter model reference to define the desired
aircraft response., The aircraft dynamics were represented by those
for the X-15, and the pre-filter was a first order lag with a time
constant of 0.5 sec. The way in which the gain computer was used
to obtain the required setting for the variable gain element (Kv)
is described in the bedy of the thesis, where results of the system
simulation are presented, together with comments, conclusions and

recommendations.

Details of a system simulation program for the IBM 7094
computer sre contained in Appendix A, and in Appendix B the effects
of random wind gusts on the gain computer are showm. Approximations
made in deriving the aircraft equations of motion are discussed in
Appendix C, while the design c¢f a compensator for the control loop
is considered in Appendix D. Finally, difference equation approx-
imations for the aircreft transfer function are given in Appendix E,
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IX. Identification by Difference Equations

The Aircraft Transfer Function

The transfer funct¢ion which relates aircraft pitch rate ( 6a)
to elevator deflection augle Se) is derived in Appendix C ez,

; 1/T
gazs; e £ 1% 2 (c.4)
e\ 8 s +2yw 8+ W

where the aircraft psrcmeterc Ta’ ;; and w, are the short—
period time constant, damping factor and natural frequency, reaspec-
tively. The parameter Mg is the elevator effectiveness, and from
the form of cquation (C.4) it is seen to be an aerodynamic gain
fuctor. In Appendix D it is shown tha! a constant pitc¢h rate
response characteristic may be achieved for the control system by
adjusting only a variable gain element, to compensaie for changes in
the loop gain caused by variations in M, . Thus, the self-adaptive
control problem becomes one cof identifying the elevator effective-
ness, and tracking changes in i% over a range of values of 240:l.

Values for the Aircrefi Parameiers

Figures 2, 3 and 4 illustrate ‘“1e wide range of variation of
the airoraft parameters for thirty-three Flight Conditions (F.C.)
along a typical flight path of the X-15. Thease parameters are
plotted against the decibel value of elevator eflectiveness
relative to that for F.C. 32, the landing condition. Specifically,

for an arbitrary F.C. n,
¥; (for F.C. n)

i -
M, (in 4B1) 20 log), M, (for F.C. 32)

1)

The usefulness of presenting the data in this way is tha*, as
an approximation, the parameter values may be considered to have
only one degree of freedom (Ref. 10). Therefore, whe. straigh.
lines are drawn thiough the centers of the distributions oi
parameter values in Fige., 2, 3 and 4, the following approximaie
relations are obtained if l‘ is in dBls

L', * 1/, = 0,002 exp(0.152 My ) (2)
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+0.50 + 0.03M; 3 11> N
w = {-0.57 + 0,121 M, 3 1lls M 545.5 (3)
-40.6 + Mg 3 ¥ >45.5

Broken lines in Figs. 2 and 3 are drawn for values of 1/’1‘a and
J%wa twice and one-half those given by equation (2). Similarly, in
Fig. 4 the broken lines are for values of v at £20 per cent from
the values given by equation (3). In the Figures it is seen that
almost all of the distributions of parameter values fall within the
pairs of broken lines, so that these lines indicate the order of
apnroximation involved in estimating the other parameter values
from Mg (in dBl)., To test if there was any significant bias error
in equations (2) and (3), a calculation was made tc find the mean
errors invelved in estimating 1/Ta’ Jﬁ'a and v, from ¥¢. This vas
done by using the known valuer of the parameters at each of the
plotted points. It was found that the mean error in I/Ta was 10,9
per cent, in 3", vas -3.65 per cernt and in w, ves 4.62 per cent.
Because of the comparatively much luarger spread in errors no attempt

was made to improve the accuracy of equations (2) and (3).

Difference Equations

In Appendix E & method for approximating the aircraft pitch
rate transfer function by a number of finite difference equations
is presented. Comparative tests with five types of difference
equations 3howed (Ref, Figs. E.3 snd E.4) that lst., order central
differences gave root-mean-square (r.m,s.) errors two orders of
magnitude less than the other lst. order derivative approximations,
and one oruaer less than that of 2nd. order backward dif'ferences.
Therefore, the following central difference equation was chosen to
represent the aircraft transfer function in the gain computer (Fig.l),

1 2.2\
in = 1 +, v, T, [(2 = 'u'i’ri - Q- SS'BYB)Yi"l
2
7N X
(B - ) s ;:‘ Ei] (E.2)

10
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In equation (E.2) Té is the iteration interval, and Yi+1 is
the calculated pitch rate at the instant when the elevator deflec-

tion angle is Ei+1' Also, the samples Yi’ Ei and Yi-l, Ei—l
represent the pitch rate and elevator deflection at the previous

iteration, and the one before that, respectively.

To find the r.m.s. error inherent in the use of equation (E.2)
the iterated values, Yn (n =1, 2, 3, ees ), were compared with
analytically calculated values of pitch rete (Pn), for an elevator

deflection,
d(t) - 3[1 + Ay exp(-By t) 8in(Cyt - 1)3)] (E.T)

Thus, equation (E.7) represents the response of a second order
transfer function to a step input of amplitude 8. The difference
equation normalized r.m.s. error as a function of the number of

iterations was calculated as,

R(n) = x 100% (4)

L p?

n n

When the same typical values of aircraft parameters were used
in both the central difference equation (with 1; = 0.01 sec.) end in
the analytical solution for aircraft pitch rate, the difference
equation r.m.s. error was only 0.0l per cent after 200 iterations.
In practise, the aircraft pitch rate must be measured by a rate
gyro, which may be expected to have an error at least this great.

It was therefore concluded that the inherent error in the difference
equation (E.2), when iterated at a suffiently fast rate, was
insignificant compared with the errors that would be introduced

by using epproximations to the eircraft parameters in the equation.

Identification

Consider the self-adaptive control system shown in Fig. 1. At
first, when the identification process is started, the gain computer
has no knowledge of the values of the aircraft parameters. It does,
however, contain approximate relations between the values of the
airoraft parameters, as given by equations (2) and (3). Suppose

11
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that there is only one equation iterated in the gain computer and,
since the valve of elevator effectiveness is not known, let M‘y be
some arbitrary but reasonable value used in this y-difference

equation. From equations (2) and (3), approximate values for I/Ta’

3§'a. and w may then be computed.

When the subscript i is set equal to zero in equation (E.2) an
expression for Yl iz obtained in terms of Yo’ E° and Y_l, ELl, the
initial conditions, as well as El’ the latest sample of elevator
deflection. Numerical values of YO and Y1 are available from the
rate gyro samples of aircraft pitch rate, so that Yo = P° and

Y"‘l = P_lo

To ensure that the four initial conditions (denoted now by Po’
E  and P—l’ E—l) are available in the gain computer for the first
iteration, it is necessary to delay this iteration by two sampling
intervals. Thereafter, the second and subsequent iterations may be
made as soon as soon &8s cach new sample of elevator deflection is

taken, without the need for further rate gyro samples.

As each new value Yn is calculated the quantity (Yn--Pn)2 is
formed, toc test the accuracy with which the difference equation
response matches the actual aircraft response. Cons:quently, after
m iterations the following sum-square error is produced,

m
5,(n) = n);l(Yn-PnF (5)
By itsself, Sy(m) is clearly not of any use in the identific-
ation proceas, aince it only indicates that there was an error
betwoen the sctual szircraft parameters aud those used in the
difference equations it does not indicate, for example, whether
l‘y wan too large or too small, Furthermore, even if the correot
elevator effectiveness had initially been chosen for Mg the
magnitude of Sy(m) would still not be zero, because of the very
rough apprnximations contained in equations (2) and (3). Thus, at
least one further difference equation (the x-difference equation)

must aleo be iternted in the gain computer.

12
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Suppose that, in the x- and y-difference equations, the ratio
l‘xz H‘y is 0.51 1.0, and that after every m iterations of both
equations the sum-square errors Sx(m) and Sy(m) are formed. Suppose
also, for example, that the initial value arbitrarily choeen for
M; is smaller than the true value of aircraft elevator effective-
ness (Mg).

If sx=>sy after the first m iterations, it may be inferred
that the parameters in the y-difference equation were a better
metch to the true aircraft parameters than those in the x-difference
equation, and in partiocular that u‘x‘ ll‘y<l(‘. Therefore, to get
closer to the true aircraft parameiers, both l'x and l‘y are
increased by a small fraction of their initial values. The diff-
erence equatione are initialized again, and iterated another m times,
uging further samples of elevator deflection és the forcing function.

The process is continually repeated, until it is found that
Sx-:Sy. At thie point it is concluded that, in the previous iter-
ation sequence, the parameters in the x-difference equation were a
better maitch to the airecraft parameters than those in the y-diff-
erence equation, so that I‘x<l‘< ll‘ « It is now necessary to
decrease the values of l‘x and l'y by a amall fraction.

Thus, at this stags the difference equations may be said to be
'locked-on' to the true elevator effectiveness. At the end of evexry
sucoceeding iteration sequence l‘x and l‘ sre incrementally increa-
sed if Sx> Sy and decreased if Sx< Sy to maintain the relationship
Il‘x< Mg <l‘y. In this way the value of I‘ may be identified as
lying approximately mid-~way between the values of l‘x and l‘y. Also,
by the use of this type of decision process, slow changes in the
magnitude of the aircraft elevator effectiveness will be 'tracked'

by the difference equations.

Error Correction

A disadvantage in the use of only two difference equations for
identification is that the precise value of I‘ is not determined.
This problem may be cirocumvented by using an additional equation
(the z-difference equation). In addition, the use of three differ-

13
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ence equations provides redundant information that may be used to
detect erfore in the calculation of the mean-square errors. For
example, because of the approximations involved in equations (2)
and (3), it is possible that sometimes Sx will be less than Sy even

though u,y may be closer tc My, than is H‘x.

In the system simulation program (Ref. Apvendix A) normelized
r.M.8. errors were celculated for thrée difference equations in
which ll‘x< l(,y-c M‘s' The following equation shows how the r.m.s.
error for the y-difference equation was calculated, and the r.m.s.
errors for the x- and z-difference equations iere calculated in a

similar manner, :
m 2 ) J]1/2 6
SO DCRER/A LS )

If the r.m.s. errors and the sum-square errors are each

arranged in escending order after any iteration sequence, it may

be seen that both sets will have the subscripts x, y and z in the
same relative positions. Thus, either error criterion may be used
to test which difference equation response is the best match to the
actual aircraft response. In practise, equation (5) is preferred
to equation (6), because it involves less computation. However, in
the system simulation, equation (6) was used because it enabled an
order-of-magnitude comparison to be made between sets of r.m.s.
errors, independently of the magnitude of the airoraft response.

With three difference equations iterated in the gain computer,
the following decision logic was used to search for and track
chenges in ~ircreft elevator effectiveness:

e. R >R >R . The velues of H‘x, M, and l‘z vwere all
incremented by 0.6 dB relative to their previous values (a
factor of 1.072).

b R <K <R,. The values of M‘x’ M, and l‘z were all
reduced by 0.3 dB relative to their previous values (a factor

of 1.035).

14
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c. (Ry<Rx)A.\l”D (Ry< Rz). With this result, the difference

equations were presumned to be lccked-on to the true elevator

effectiveness, and so no change was made in the values of
M M, and M, .
S Ty i,

d. Other Combinations. The only other possible combinations

of the r.m.s8, errors ares
(1) R,<R < Ry’ end,

(2) R <R < Ry.
When either of these combinations occurred the implication was
that both M‘x and M‘z'were closer to the true M; than was the
value of M‘ +» Since this is impossible, such reaults were
ignored, and no changes were made in the values of I‘x, l‘
and M‘z. The recognition and rejection of these comhinations
of r.m.s8. errors constituted a2 partiasl check ageinst errors
introduced in the difference eguations by the approximations

made in equations (2) and (3).

In summary, the decision logioc which was used to change the
values of K‘x’ l‘y and l‘z was designed with the object of making
the r.m.8. errox associated with the y-dirfference equation the
gmallest of the three, Consequently, the identified value of
elevator effectiveness was taken to be equal to the value of M .
The variable gain element (Kv) in the control lcop was then changed
inversely to changes in l‘y, es given by equation (D.6). Thus,
when M‘y wag increased by 0.6 dB the value of Kv,waa decreased by
0.6 4B, and when I‘y was deoreased by 0.3 dB the value of K was
inoreased by 0.3 dB. The step decreases in Kv,wero made larger
than the inoreesses to ensure stability of the control leoop in
flight conditions where the aircraft elevator effectiveness was
increasing.

Length of Iteration Sequence

A further limitation introduced by the use of equations (2)
and (3) is that if the iteration sequences are too long the r.m.s.
errors become so large that identification of l‘ is impossible.

15
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Before a simulation program for the comrlete closed loop ccantrol
system was written, an investigation was therefore made to find a
suitable iteration length., In a simila» manner to that previously
described (Ref. page 11) for finding the error inherent in the use

of difference equations, r.m.s. errors were computed for the x~, y-
and z-difference equations as & function of the number of iterations.
A value of 0.01 sec. was used for T;, and the ratios of U‘x: M‘ys “‘z
were 0,58 1.08 2,0,

Analytical values for the aircraft response to the elevator
deflection function given by equation (E.7) were calculated for
ten flight conditions. For the same elevator deflection funetion,
r.m.s8, errors for the x-, y- and z-difference equations were
calculated for values of M‘y removed from the true wvalue of elevator
effectiveneas by up to +30 dB and -36 dB. To provide a vepresen—
tative sample of results, twenty-one computer runs were made in
which the combinations of flight condition and value of l‘y relative

l‘ were chosen at random.

For values of m equal to 10, 20, 40, 60, 80 and 100 the
decision rules for incrementing, reducing or leaving unchanged the
values of M_, l‘y and l‘z were applied to the r.m.s. errors Rx(m),
Ry(m) and Rz(m). A correct decision was assumed to have been made
if the r.m.s. errors indicated & need for a change in Mg which
would have made it more nearly equal to M, (or left !‘y unchanged
if it was alresdy equal to ¥).

The results of this investigation are presented in Fig, 5,
where it is shown that the r.m.s. error criterion gave 21 correct
deocisions cut of 21 up to an iteration length of 0.4 sec. (i.e. up
to 40 iterations). With longer iteration times the number of
correct decisions was reduced, until after one second only 14

ocorrect decisions were made.

In addition to r.m.s. errors, the correlation coefficients
were caloulated between the difference equation responses and the
giroraft response. The following equation defines the correlation
coeffioient between the y-difference equation response and the

16
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aircraft response, and the correlation coefficients for the x- and

z-difference equations were calculated in a similar manner,

m m o, B, 1/2
cy(m) ) ngl (Yn Pﬂ )/ [ngl Yn nglpn] (m

If, in equation (7) all the difference equation samples, Yn’
are multiplied by a constant factor, the value of Cy(m) is unchanged.
The values of Cx, Cy and Cﬁ are not, therefore, directly affected by
the different values of elevator effectiveness used in the x-, y~
end z-difference equations. Coneequently, the correlation coeffic~
ients depend only on the fidelity with which the wave-shapes of the
diffcrence equation responses match the aircraft response. The
magnitudes of the correlation coefficients are particularly sensitive
to mismatches in the times at which axis ¢rossings occur. It follows
from these considerations that the degree of correlation depends
only on the accuracy of the approximations to the aircraft param-
eters I/Ta’Ji'a and Y. used in the difference equations (for a

given elevator deflection function).

In Fig. 5, & correct decision is plotted for the cases whare
the difference equation which best correlated with the aircraft
response also used an elevator effectivenese nearest in value to I‘.
Beoause there were three difference equations, & correct decision
had & probability of 1/3rd. of ocourring by chance. Up to the first
0.1 sec., iteration of the difference equations, their correlations
with the aircraft response were good enough to give 20 correct
decisions out of 21, Thereafter, when the difference equation
responses started to diverge from the airoraft rssponse, the number
of correot decisions was worse than chance expectvation, Towards the
end of the run, however, the decision by correlation coefficients
began to improve slightly, as the values of the coefficients
stabilized with the increased sample sise.

Based on the results of this investigation, an iteration
length of 0.1 sec., was selected for the identifiocation interval.
It was slso found that when l‘ - l. the value of R’ was oonsistently

greater than R:, 80 that the ratios "x' l‘yl I.B were ochanged from
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0.581.0: 2.0 to the ratios 0,5:1.0:1.5 for the closed loop

system simulation program.

Closed Loop Test of the Identification Process

A simulation program (Ref. Appendix A) was written for the
IBM 7094 computer to investigate the usefulness and accuracy of the
identification process. This program simulated the complete self-
adaptive pitch rate control system shown in Fig, 1. It included
the X-15 dynamics for four widely different flight conditions
(Ref. Appendix C, Table II), all the control system components,
and the airborne digital computer.

Results of the simulation for pilot command inputs are given
in Chapter IV; results for random wind gusts are given in Appendix B,
together with details of the technique uvsed 1o generate band-limited
noise samples to represent wind gusts. The objectives of the
investigation were:

2. To demonsirate that the high-gain control loop was capable

of forcing the aircraft pitch rate to accurately follow the

output of the pre~filter model reference.

b. To show itLat by sdjusting a variable gain element in the
loop to compensate for changes in elevator effectivenesc (M‘)
a consistently accurate control performance could be achieved
for all flight conditions.

¢c. To test the speed and accuracy with which the airborne
computer (the gain computer) was able to search for and
identify the aircraft elevator effectiveness, and set the
control loop gain accordingly (Ref. equation (D.6) ).

d. To confirm that the identification and self-adaptive
process was feasible, without any need for external air data

information.

e. To investigute the effect of nevere wind gusts on the
performance of the self-adaptive system,

19
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III. Simplified Analysis of the Identification Process

The Simplified Control Loop

Pilot pitch rate commands are passed through a pre-filter,
which is a first-order lag with a break frequency of 2 rad./sec.
For this analysis it is therefore assumed that, for pilot commands,
the signal components in the control loop zre mainly composed of
low frequency terms, Thus, as a first approximation, all irensfer
functions are replaced by their low frequency gair factors, as
shown in Fig. 6.

WiND
GusTs

G,
AIRCRAFT l n
ELEVATSR — - AIRCRAFT

DEFLECTION PITEN RATE
B I
R

SQUARE
AND S¥M

PiLoT
COMMANDS

GAIN < SQUARE

AND SUMN

compurag

SQuUARE
AV SumM

Pig. 6
Low=-Frequency Model of the Control System

It is assumed that the ratios of the difference equation gain
faotors, sz K’l Kl are given by 0,53 1.0t 1.5. Since a positive
pilot ccmnmand input causes a negative elevator deflection, which
in turn results in & positive airoraft pitoch rate, all the gain
Tactors, Ko, Ka, x!, xy and K’, are positive. Terms with a sud=
soript n are sampled values of signals in the control system at the

difference equation iteration times (every Te seo, ).
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From equation (%),

5, = Lz~ (80)
n
. s, = xg(Y“-P")z (8v)
s, = yx-p)? (8c) A‘
L |

! A = = LI
‘ But, 2.1,l = -Kz En’ Yn KyEn and xn KxEn’ so that,

2
‘ s, = §(Kz E +P) (9a)
; § ¢ 2
s, = ;‘KxEn + Pn)2 (9¢)

Case 1 - Command Inputs Only

In this case, G = O for all n, and P =~ -K E (10)

Substituting in equations (9) for Ps

2 .2
. s, = (k,-K) ann (11a)
-x )2 S g2 (
5, = (xy X,) E:En {11v)
2 w2
s, = (k. -K,) rzx:E“ (1le)

When the difference equations are locked-on to the true value

of elevator effeciiveness, Ky - Ka’ and also, Kx = 0.51(a
end KZ b 1.5Ka

Substituting in equations (11) for Kx’ Ky and R‘z,

. 2 ,2
S, = 0.25K] ;zn (12a)
sy - 0 (12v)

2 g2
8, - o.25x.§!n (12¢)

Thus, when the differrnce equations are locked-on mnd the
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gain factors of these equations are in the ratios 0.5:1:.,0: 1,5,
the sum-square errors (and the r.m.s. errors) are symmetrical with
respect to the y-difference equation error, which ideally is zero.
However, the behavior of the errors is different when Ky>'Ka than
when Ky<:Ka. For example, if Ky is too larpge, ssay Ky - ]x)xa, then i
substitution of K_, I(y and X into equations (11) gives ratios for :
the r.m.s. errors, 7
R ¢ Ryc R, eaual to 419114 E

But, if Ky is too small, say Ky = O.lKa, then th: ratios of

the r.m.s. errors are,

Rxx Rys Rz equal to 19:183: 17 ‘

Hence, when the y-difference equation gain is greater than the
aircraft gain the r.m.s. errors are more widely separated than when
the y-difference equation gain is less than that of the aircraft.
The decision logic (Ref. page 14) is consequently more likely to
detect correctly a rcquirement to reduce M‘ (and increase Kv)

than to inorease M, (and reduce K )e
y v

After this behavior of the r.m.s, errors was substantiated in
the closed loop simulation of the system, advantage was %aken of it
to ensure that Kv would not unnecessarily be increased, thereby
reducing the control system stability. To do this the decision
logic to reduce M‘y was changed from the requirement that
Rx‘ Ry< Rz to the stronger requirement that (Ry‘ Rz) AND (3 Rx< Rz).
The results of this change are shown in the next chapter.

Case 2 - Disturbance Inputs Only

Although the primary effect of vertical wind gusts is to cause
a change in the aircraft angle of attack (Ref. Appendix B), the
only interaction with the control system is through the resulting
airoraft pitch rate. Therefore, in this analysis the wind gusts {
are considered in terms of a disturbance pitch rate, samples of
which are represented in Fig. 6 by Gn'

For no pilot commands, Qn = 0 for all n,

Hence, E, = +K P, (13)
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As in the previous case, when the difference equations are

locked~on, Kx = 0.51(3, Ky = Ka and Kz = 1.51(&.

Substituting in equations {G) for En’ Kx’ K_ and Kz’ the sum-

¥
square errors now become,
2 2
s, = (lL.5K K +1) n):rn (14a)
S = (x_x_+1)° T 82 (14v)
y a o &~°n
2 2
Bx = (O.SKaK°+1) ;Pn (14¢)

Since Ka and KO are positive, Sx< Sy< S . With this result,
the decision logic provides for the gain factor of the y-difference

equation to be reduced. This analysis therefore shows that low

frequency pitch rate disturbances tend to increase the value of K v
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IV. Performance of the Gain Compuier in the System Simulation

Figures 7 through 20 illustrate the performance of the self- f }{"‘;
adaptive control system for pilot command inputs. These results =
were obtained by means of a simulation program which was run on
an IBM 7094 cocmputer. Because of the large number of integrations
required to simulate the system transfer functions, the program
speed was apovroximately 1/30th. of real time. The results of the

T e T e S i s e T

computations were stored on magnetic tape, and then subsequently :
plotted on a Benson-Lehner digital plotter. Details of the program i

EN

4 ;'; are contained in Apvendix A.

A

The quantities vlotted on the graphs are:
a. Pilot command input, é% {deg./sec.).
b. Output of the pre-filter model reference, ém (deg./sec.). : i‘ ]
¢. Aireraft pitch rate, éh (deg./sec.). !

d. Elevator deflection angle 8e (deg. ).

e. Gain error in the control loop relative to the design
value (Ref. equations (D.6) and (D.7) ) for the purticular
Flight Condition (F.C.); &K_ dB. [ .

For each F.C. the loop gain was initially offset from its
design value in order to test the speed and accuracy with which the
garin computer returned it to the design value. The amount of
initial offeset was in some cases restricted. For example, in
F.C. 28 the desian value of loop gain was achieved when the
veriable gain element was at its minimum setting, so that the loop
gain could never bhe too low tor this F.C., Since the ocontrol loop <
had a design value of grin margin of approximately 12 dB for all
F.C., it was not nracticable to set in a positive gain error higher

o than this. Thus, in Fig. 8 the control loop is seen to be Just on
the verge of instability until the gain error is reduce” bhelow 12 4B.

In all ceses when the loop gair setting was not grosaly in

error the aircraft response followed the model response with
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negligible error. Br comparing the elavator motiun for F.C, 28
in Fiv, 7 with that for FP.C. 32 in Fig. 12, the wide variation in
elevator effectiveness between the Vmo F.C. is apparent.

The decision 1ogic which was used in the gain compuver to ‘
obtain Figures 7 through 12 was thet which is descril.ed on page 14. ’
With the exception of F.C. 7 (Fig. 10), the gain changing was
erratic, although the final gain errors were smally 4 4B for
F.C. 28, and less than 2 dB for vhe ather flight conditions,

When e small amplitude dither signal wees injected into the
control loop to continuously excite the system response, the
performance »f the gain compute~ was considerably improvid. A
comparison of Fig. 13 with Fig, 7 shows that with the dither
sional there wes less tendency for the gain to stay fixed at too
high a value, This is purticularly noticable in the first two
seconds of each run, when there was no pilot input. In Fig. 14,
the eff~2t of modifying the decision logic (Ref. page 22) to
prevent unnecessary increases in gain is showmm. Thus, both of
these changes improved the performance of the gain computer for
P.C. 28,

With these two chenges, repeats of the computer runs for the
o 1 other three F.C. iere then made. A conmparison of Pigs. 8 to 12
with Figs. 15 to 19, respectively, shows that in each case the
gain errors were reduced, and gain adaption took place more rapidly.

The dithexr signal which vas used in these tests had a frequency
of 30 rad./sec. and was inserted into the control loop at the input
summing junction. To prevent the elevator motion from becoming
excessive in conditions of low elevator effectiveness, the amplitude
of the signal was progressively reduced as the identified value of
elevator effectiveness became smaller. For F.C. 28, the condition
of greatest elevator effectiveness, the amplitude was 0.01 deg./sec.,
whereas for F.C. 32, the condition of least elevator effectiveness,
the amplitude was reduced to 1/5th., of thie value. Fig. 20 shows
toe excessive mlevator motion which occurred when a variable amplit-
ude dither gignal was not used.
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Fig. 20

Flight Condition 32 -~ Showinz Excesasive Elevator Motion ey

a Constant Anplitude Dither Signal was Used
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V. Conclusions and Recommendations

Conclusions

1. Identification Accuracy. Difference equations, iterated in

an airborne digital computer, may be used to identify the value of
elevator effectiveness within approximately £2 dB, provided that
wind gust disturbances are not present and that accurate measure-

ments of elevator deflection and aircraft pitch rate are available,

2. Loop Gain Adjustment. By adjusting a variable gain element

in the forward loop inversely to changes in the identified wvalue

of elevator effectiveness the gain crossover frequency may be held
within the range of 27 to 37 rad./sec. This frequency range is
only 0.14 of a decade. In comparison, the gain crossover frequency
shifts over approximately 1.7 decades for a fixed gain system,
which greatly increases the problem of stabilizing the control
loop. The figure of 1.7 decades is calculated by assuming that,
for stability, an average gein slope of 28 dB/decade is required in
the region of the gain crossover frequency, which shifts as the
elevator effectiveness varies over 47.6 dB (240:l).

3. Bandwidth. The design open loop bandwidth (defined by the
gain crossover frequency) for the self-adaptive system was set &t
31.5 rad./sec. At this value, a fast control response was achieved,
and yet the bandwidih was not so high that body bending modes
would be significant. If a fixed gain system had been used, with
this bandwidth for Flight Condition 32 (My = -0.219), then the
bandwidth for Flight Condition 28 (M; = ~52.9) at a frequency of
1.7 decades higher would have becn 470 rad./sec. Although this

is an approximate theoretical figure, it is close to the value of
520 rad./sec. which was found to be necessary by Beale and Hellings
(Ref. 1:94). In practise, of ocourse, such large bandwidths are
quite impossible to realize because of saturation effecis in
physioal components in the oontrol loop, noise pick-up and the
destabilizing moction of bigh frequency body bending modes. For the
open loop bandwidth of 31.5 rad./sec. the closed loop bandwidth,
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measured from the output of the pre-filter model reference to the
aircraft pitch rate, was 6 dB down at a frequency of 22 rad./sec.

4. Response Speed. The control system response speed and
consistency between the extreme ranges of elevator effectiveness

is demonstrated by the following example. For a step pilot

command input the output of the pre-filter model reference reached
90 vner cent of its steady-state value after 1.15 sec. With this
command, the aircraft pitch rate reached 90 per cent of the steady-
state value after 1.26 sec. for Flight Condition 28, and after
1.14 sec. (implying a slight overshoot) for Flight Condition 32.

5 Dither Signal. The injection of a small amplitude dither
signal into the control loop to continuously excite an aircraft
response greatly improved the speed and accuracy of the identifica-
tion process. The frequency of the dither signal was 30 rad./sec.,
and its maximum amplitude was 0.0l deg./sec. To prevent excessive
elevator motion under conditions of low elevator effectiveness, the
amplitude was reduced as a function of the identified elevator
effeotiveness, so that for Flight Condition 32 the amplitude was
only 1/5 of the maximum value. In a practicai implimentation of
the identification process circuit noise and small disturbances

to the aircraft flight path would probadbly be sufficient to make
identification possible without a dither signal. This was found

to be true for the General Electric system (Ref. 6:89),

6. ¥ind Gusts., The presence of wind gusts degraded the accuracy
with which the elevator effectiveness was identified., For severe
random wind guets with an r.m.s. magnitude of 20 ft./sec. their
effect on the control sysiem was to cause the loop gain to decrease
by 4 to 6 dB below ita design value. Because of the tolerance of
the high gain feedback loop to gain variations of this size, there
was no adverse effect on the control reoponse oharaocteristics.

1. Difference Egquations. To provide the greatest acouracy when
transfer functions are represented by finite difference equations,
derivative approximaiions should be made by means of central
difference formulas. For a given test Tunction, central differences
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were found to Zive rem.s. errors of only 0.0l per cent, compared
with errors of approximately 4 per cent for hoth backward and

forward differences.

Recommendations.

1. A low frequency nnalysis of the behavior of the decision logic
indicated that wind gust disturbances acting on the aircraft should
cause the loop gain to be increagsed beyond its Jdesign value.
However, in the system simulation the gain was found to decrease.
Because of lack of time, this phenomenon was not extensively
investigated, although it appears likely to be due to failure of
the difference equetions to respond accurately to high frequency
components in the elevator deflection motion. It is therefore
recommended that the effect of wind gusts on the performance of

the gain computer should be the subject of further investigation.

2e The central difference equation approximation to the aircraft
transfer function was found to be very accurate (0.0l per cent
r.m.s., error) when the exact aircraft parameters were used in it
for test purposes. It is therefore recommended that a study be
made to investigate the feasibility of writing a general purpose
computer program for the simulation of closed loop control systems
on the AFIT IBM 1620 machine. Such a program would use a central
difference equation to represent each tranafer function in the

control loop.
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Appendix A

The System Simulation Program

; ::n . -Input Data
Input data for the prcsram is contained on three cards. The

parameters which are required to be specified on these cards are
listed bvelow.

Card No, 1

% WVEL A velocity (Wgo) as a starting value for the
wind gust samples defined in equation (3.8).
UAC Aircraft velosity (U); specified in Appendix C,
Table II,
i TS Integration step interval (ts), and also wind
\ gust sample interval,
Card No. 2

. B GF Control loop fixed gain factor (K.).

i . GV Initial value for the variable gain factor (xv).

% . STOP Length of simulation run (sec.) required.

4 K A switch, If K = 1,0 the program will run
normally, but if K = 0.0 then Kv will remain
fixed at its initial value,

TEMPG A dummy variable, which may be ignored.

Card No. 3

MQ
MALF The aircraft stability derivatives lq, lc,
MDEL M, L, and L ., respectively., Numerical

' a

LALF values are contained in Appendix O, Table I.
LDEL

; ; . Program Organization

‘ A 1list of the program statemente is given at the end of thie

P ;l Appendix, It will be noticed that the complete nrcgram is divided
i into two sections; the first is written in the KIXKIC rrogramming

§ ,: . 45
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language, and tue second in FORTRAN. In general terms, the two ?

sections of the program perform the following operations: i

MIMIC | i

a., Simulation of the aircraft longitudinal equations of ) ;

motion; equations (C.1) and (C.2). ;

b, Simulation of the components comprising the control ' é

.: systemy g

(1) Pre-filter model reference.
(2) Fixed and variable gain elements.
(3) Compensator.
; (4) Servo and actuator.
(5) Rate gyro. i
o, Generation of inpute to the control system; :
(1) Pilot pitoh rate commands.
(2) Dither signal to stimulsie the anaptive control
mechanism in the absence of pilot commands.
(3) Rendom wind gusts. (Ref. Appendix B)
d. Transmiszior of data to the airborne digital computer ' .
(the gain compvter, simulated in the FORTRAN secticn)s
(1) Samples of elevator deflection angle and aircraft

pitch rate (as measnred by the rate gyro) every 0.0l sec.
(2) The present value of the variable gain setting
every 0.1 sec,
e, Output of pilot commande and sircraft responses, etc.,
for storage on magnetic tape. The tape could then be later
transorived on the Benson-Lehner digital plotter.

FORTRAN

a, Simulation of the airborne digital compuiers -

(1) 1Iteratior of the three difference equations, 3nd
saloulation of their roct-msan-equare errors.
(2) Decision whether or no: vo change thu loop gain.

b, Trensmission of output data to the line printer;
(1) Errors in the difference ecuation s»iutions.
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(2) Control loop gain error, calculated from eauation
(D.7). It should be noted that this calculation of gain
error (AKV) is readily made during simulation, where the
true value of elevator effectiveness for t'.e Flight

Condition which is being simulated is known precisely.

Program Execution Sequence

Through the use of the MIMIC processor (Ref. 17), which is
available on the IBM 7094 computer, differential equations may be
set up and solved in a way which closely resembles that used in

analog computation. Consider, for example, equation (C.1):

°, = uq 9, + “a a + l‘ Se (c.1)
In the MIMIC program language this equation is written,

DQAC = MQ*QAC+MALF®ALF+MDEL*EL

where, DQAC is the program symbcl for 63, QAC 1is the
symbol for éa’ and the other terms are self-descriptive. Then,
to get 63 from Sa, the variable DQAC is simply used as the input
to a MIMIC integrator, with zero initial cornditions:

QAC = INT(DQACy0s)

Unlike an analog computer, however, the digital computer can
only perform one integration at a time, so that the integrator
outputs must be updated in sequencc; this is organized automatic-~
ally by the MIMIC processor. Normally, the processor also adjusts
the integration step interval so that the error at the output of
each integrator is held to within 5 parts in 106. When the random
wind gust inputs were used this latter facility was not available,
and instead, a fixed integration step of 0.0005 sec. vas used as a
compromise beiween accuracy and speed of computation. This step

size dictated the sampling period (ts) for the wind gusts,

To provide computation time for simulation of the airborne

somputer, the following time-sharing routine was established in the
IBM 7094 computers
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a. The initial value for the setting of the variable gain

ST T

element (KV), which was input to the program on a data card,
was used in the MIMIC simulation of the control loop during

the first 0.1 sec. . ;

b, FEvery 0.01 sec. the computed values of elevator deflection
and aircrafi{ pitch rate were stored and transfered to the

FORIRAN gection of the progran.

c. After the end of the first 0.1 sec. of MIMIC computation ‘ }_'f“'i
(and at subsequent 0.1 sec. intervals) all the outputs of the : 2
MIMIC integrators were 'frozen', and computation was transferad : 1 1
to the FORVRAN section.

d. Using the known value of Kv’ the best estimate of computed

elevator effectiveness (M‘ ) was established from the relation=-
ship between these two variables defined by equation (D.6).

i

e. Coefficients for the three difference equations were

" calculated fronm Mg s as described in Appendix E.

f. ‘The difference equations were initialized and then iterated,

using the 'stored values of elevator deflection as inputs.

g. A calculation of thé root-mean-square errors of the diff-

erence equations was made by comparing the iterated solutions

ot AL oY b s

with the stored values of aircraft pitch rate.

h. Based on the relative magnitudes of the r.m,s. errors
(Rx, Ry
the loop gains

(1) R, < Ry <R, 3 K, increased by 0.3 dB.

s and Rz)’ a decision was made whether or not to change

i A

(2) R_> R
X
(3) R > R

>~Rz 3 K, decreased by 0.6 4R,

ST T

y
v and Rz> Ry H K\r unchanged. .

i, MIMIC simulation for a further 0.l sec. was continued,

with the new value of Kv’ and the routine was vepeated until

|

the required program running time had been completed, It may
be noted that equation (D.6) was always used to relate K and
My when the comnmutation was transfered from the MIMIC section

y
to the rORTRAN section, or vice-versa,
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OQutput Data

A short sample of printed output data from the IBM 7094 com-
puter is given in Fig. A.l. These results were obtained by the
application of a 0,5 deg./sec. step command input to the control
system, with the aircraft in Flight Condition 24, and with an
initial gain error (AKV) of 6 4B,

Printed across the page are values of the aircraft pitch rate
(from the rate gyro) at 0.0l sec. intervals, and underneath them
are the corresponding errors in the difference equation solutions,
It can be seen that the difference equations were restarted every
0.1 sec., using two samples of the aircréft pitch rate to set
in the initial conditions. The extreme right hand column contains
the final values of the difference equation errors at the end of
each 0.1 second computation cycle (i.e. after eight iterations).
Also in this column is the gain error, which decreased from 6 4B to
3 dB over the period of 0.7 sec. To the left of this column are
three offset colﬁmns;containing the root-mean-square (r.m.s.) errors
of the difference equatione over each computation cycles to obtain
comparable numbers for the r.m.s. errors, they have been normalized
with resnect to the r.m.s. change in aircraft pitch rate from its
value at the begining of the relevant computation cycle.

At the end of the first three computation cycles the r.m.s.
error of the z-difference equation was less ihan that of the other
two, so that AKV was reduced to 4.2 dB in three steps of 0.6 dB,
However, at the end of the fourth cycle the y-difference equation
had thg smallest error, and consequently no gain change was made,

It may be expected that this will happen occasionally because of the
approximations made in the difference equations. Foxr ths remaining
three computation oycles shown in the figure further decreases in
gain were correotly generated.

Over the same period (but not shown in the print-out) it
follows from equation (D.6) that the values of elevator effective-
ness used in the difference equations (I‘z, ¥ » l") were all
inoreased by 3 dB, so that I‘y approached the true value of the
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aircraft elevator effectiveness. Thus, at the begining of the §
simulation run M, was 6 dB too small, but after 0.7 sec. it was V
only 3 dB too small, The ocloser matching of M‘y to the true elev-
ator effectiveness is reflected in greater acouracy in the difier-
énce equation solutions. For example, at the end of the first

computation cycle the y-difference equation error was 49 per cent . §
(0.0488/0.0991), whereas at the end of the seventh cycle it was only
0.76 per cent (0.0030/0.3926); both the percentage error, with
respect to the aircraft pitech fate, and the absolute error were

S

reduced,




TIME

0.1 ‘ )

AIRTRAFT [FITCH RATE
X DIFF. EQN. ERROR
Y DIF“e EQN. ERROR
Z DIFF. EQN. ERROR

0.2

AIRCRAFT PITCH RATE
X DIFF. EQN. ERROR
Y DIFF. EQN. ERROR
Z DIFF. EQN. ERROR

0.3

AIRCRAFT PITCH RATE
X DIFPF. EQN. ERROR
Y DIFF., EQN. ERROR
Z DIFF. EQN. ERROR

0.4

AIRCRAFT PITCH RATE
X DIFF. EQN. ERROR
Y DIFF. EQN. ERROR
Z OIFF. EON. ERROR

0.5
AIRCRAFT PITCH RATE
X DIFF. EQN. ERROR
Y DIFF. EQN. ERROR
Z DIFF., EQN, ERROR

0.6

AIRCRAFT PITCH RATE
X DIFF. EQN. ERROR
Y OIFF. EQN. ERROR
Z OIFF. EQN. ERROR

0.7

AIRCRAFT PITCH RATE
I % DiFF. EQN. ERROR
Y DIFF. EQN. ERROR
1 OIFF. EQN. ERROR

0.0000 0.0019
Oe 0.
0. o.
0. 0
0.1022 ' 0.1054
Oe 0.
(s ]9 0.
0. 0.
0.1663  0.1768
0. Oc
Oe Oe
e 0.
0.2403 0.2415
0. O. '
0. 0.
00 Oo
0.2683 0.2763
0. 0.
0. 0.
0. 0.
0.3323 0.3326
0. 0.
0. 0.
0‘0 OO
0.3367 0.3421
0. 0.
0. 0.
0. 0.

Pig. Al

0.0100

-0.0047
~0.0030
-0.0014

0.1093
~0.0004
=0.0003
-0.0001

0.1875

-0.0001
-0.0001
-0.0001

002423

0.0004
0.0003
0.0001

0.2850
-0.0004
-0.0003
~0.0001

0.332]1

0.0006
0.0004
0.0001

0.3484
=0.0006
-0.0003

0.0000

Sample c¢f the Simulation Program Print-Out

0.0256

-0.,015%2
-0.0103
9000054

0.1137
-0.0013
-0.0008
-0.0003

0.,0001

«~0+0000

~0.0601

0.2429
0.0009
0.0007

0.00204 -

0.2938
-0.0011
-0.0007
-0.0003

0.3310
0.0017
00010
0.0003

0.3555
-0.0017
-0.0008

0.0001

0,04 y
-000:1&\

‘0002 e

0.1]
-0.0t g
-0.0C....
-0.0(

002("

“060C -
0.0¢
“0.0( -

0.2¢

}

5!




0.0019 0.0100

0. «0.0047

3 0. ' -0.0030

0. '00001‘

& 0.1054 0.1093

L O =-0.0004

R O. =0.,0003

1 O- '00°°°l

Bk 0.1768 0.1875
0. ~0.0001

E O ~0.0001

| 0. -0.0001

. D.2415 0.2423
0. 0.0004

0. 0.0003

0. 0.0001

] 10,2763 0.2850
; "\OO «-0.0004
‘ £0 . ) -0.0003
g B ~ =0.0001
R0.3326  0.3321

10. 0.0006

De 0.0006

1 J8 0.0001
043421 0.3484

K -0.0006
-0.0003

0.0000

]

'Progran Print=-0ut

0.0256
-0.0152
-0.0103
-0.0054

0.1137
-0.0013
-0.0008
-0.0003

0.1979
0.0001
-0.0000
-0.0001

0.2429
0.0009
0.0007
0.0004

0.29358

. ‘000011

'000007
~0.,0003

0.3310
2.0017
0.0010
0.0003

0.3555
-0.0017
=-0.0008

0.0001

0.0453
=0.0292
-0.,0203
-0.0114

0.1187
-0.0025
-0.0015
'000006

0.2076
0.0006
0.0002

-0.0002

0.z438

0.0014

0.0011
0.0007

0.3025

'000015
~0,0010
-0,0006

0.3296
0.0029
0.0019
0.0007

0.3630
-0.0020
-0.0015

0.0000

\

RMS X RMSY

0.6824 0.4963 0.311])
0.0643 0.0793 0.0893 0.095¢4¢
=-0.0427 -0.0534 -D.0602 -0.0639
‘000303 -0.0384 -0,0438 '0;0470
-0.01738 =0.0234% -0.0274 -0.0301

D.3121 0.1900  0D.0722
0.1244 0.1308 0.1382 0.1667
~0.0042 ~0.0065 =0.0095 -0.0132
-0.0026 -0.0040 -0.,0058 -~-0.0080
-0.0010 -0.0015 ~0.0022 -0.0030

0.1754 0.0992 = 0,0197
0.2164 0.2239 0.2301 0.2348
0.0019 0. 0040 0.0071 0.0113
010009 V‘OOOOZI . 00039 0.0063
-0.0001 0.0001 0.0005 0.0012

4 0.2340 0.1042 0.1633
Ce.2451 0.2473 0.2507 0.2553
0.0015 0.0010 -0.0002 -0.0023
0.0014 0.0014 0.0010 0.0001
0.0011 0.0015 6.0019 0.0022
040692 0.G337 0.0223 1
03105 ' 0.3176 0.3235 0.3279
-0.,2016 -0.0010 0.0004 0.0029
~0.0012  -0.0009 -0.0002 0.0010
-0,0008 -0.0010 -0.00L12 -0.0012

142100 0.9569  0.6846
0.3285 0.3278 0.3281 003296
0.0041 0.0050 0.0053 0.,0049
0.0027 0.0035 0.0040 0.,0042
0.0012 . 0.0018 0.0025 0.0032

0.1310 - 0.0706 0.0192
0.3705 0.3776 0.3838 0.3889
“OQOO“ -0.0055 -0.0061 -0.0059
~0.0022 ~0.0028 ~0.0032 -0.0033
-0.000% -Q.OOOS -0.0006 <-0.0010

RMSZ GAIN ERROR(DB)

6.0
0.0991
-0.06%8
-0.,0488
-0.0319

5.4
0.1561
-0.0176
«0.0107
~0.0041

4.8
0.2381
0.0165
0.0094
0.0021

4.2
D.2612
-0.0053
-0.0012
0.002¢%

®.2
0.3308
0.006¢
0.0029
-0.0010
3.6
0.3324
0.0035

0.0040
0.0040

3.0
0.3926
-0, 0048
=0,0030
~-0.001¢4
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##ns ADAPTIVE CONTROL SYSTEM SIMULATION PROGRAM #&##%

#  MIMIC SECTION
$SETUP 15 DISKs 1496
SDATA

PAR (WVEL sUACsTS) |
PAR{GF +GVsSTOP 4K TEMPG)
PAR(MQsMALF sMDEL s LALF oL DEL)

DT = 00002
DTMIN = TS
DTMAX = TS
WIND GUST GENERATOR ‘
- TC = 666 /UAC
SD = SGR(400¢0%(1.~EXP(=24#(TS/TCI)))
SNO = 145,91
RAN = = SR2(0esSDsSNOsT)
WVEL = RAN+WVEL®#EXP(-TS/TC)
ALFN = =WVEL/UAC
PILOT INPUT .
| Qc = 040
MODEL \
‘ QMOD = FTR(QCss+5)
ERROR SUMMATION . . . o
. EPSY = QMOD=-QGYRO+AMPL®SIN{30¢0%T)
COMPENSATOR o
COMOF = 104#EPSY —9¢#FTR(EPSY+4005)
FIXED GAIN .
KFOP = =GF#COMOP
VARIABLE GAIN
KVOP = KFOP#GV
' SERVO/ACTUATOR
DDDEL = -180.-DDEL-3.zaea:(DEL-KVOP)
DDEL = INT(DDDEL+Oe)
DEL = INT{DDEL +0e)
EL = INT(DELsQe)

AIRCRAFT SHOFT-PERIOD DYNAMICS
DQAC = MQ#QAC+MALF#ALF+MDEL#EL

QAC = INT{(DQACs0e)
DALF ® QAC~LALF®ALF-LDEL*®EL
ALF = INT{DALF+0¢)+ALFN%57,3
DGAM2 = QAC~DALF
N2G s (DGAMA#UAC)/(5743%#32.,2)
RATE GYRO
DOGYRO = -400-‘DGYRO-1o6ES'(QGYRO-QAC)
DGYRC = INT(DDGYRO+s0e) .
QGYRO = INT(DGYRO¢O0o)
E-FILTER
€ = EL
Q-FILTER

Q = QGYRO
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MIMIC~

DUTPU

ChRA%®

$IBFT

FORTRAN COMMUNICATION
GV SRI(EoQoGVoHDEL;TEMPGvK)
GVERR = TEMPG+T~T :
FIN(TsSTOP)

T 7O PLOTTER
PLO(T+GVERRIELyGACIN2G!
ZER(560064019e09126041540)
SCA(0e595409104090e19001)

PLO(TsALFoWVEL)
ZER(560918e0+2140)
SCA(0e5954004040)
END

FORTRAN. SECTION

C MM]13

SUBROUT INE SRl(AoBvCoDoGVERRoADJGVKvGV)
JIMENSION P(95i4R(2500)95(2500)+FF(9100)
COMMON Py R’S’FFgIOUTslPAR INOUT s IHDR IFINS IEND»
C NPAROLKDRQLKDRZQlLCoIPC!ISoICOUNTQIbKXP
DIMENSION E(10)+Q(10)sX(10)eY{10)+2(10)
DIMENSION XERR(IO)vYERR(lO)OZERR(IQ)
DIMENSION EA(50) s QB(50)

DATA 170/

IF({TOUTeNEs1) RETURN

IF{R{1)aNEeOs) GO TO 50

[=0

- CMDEL=-D

4

2N

50
Cruan

cEsun

70

GvaC

REQDGV=52,.95/CMDEL
‘GVRAT=GV/REQDGY

IFI(GVRAT=1e) 142+3

GVERR= ~8,686%#ALOG(1,/GVRAT)
GO TO &

GVERR’O.

GO TO &
GVERR=8,686%ALOG(GVRAT)
Ka2ADJIGVK

WRITE(6+20)
FORMAT(/+5H TXME975X94HRHSXo6Xp4HRMSY06X94HRMSZ.

C 16H GAIN ERRORI(DB) e/ /)
RETURN ‘

I=]+1

RECEIVE DATA FROM MIMIZ SECTION
EA(]l)=A

QB(11=8

IF(ToNELSOIRETURN

SAMPLES FOR THE DIFFERENCE EQNS»
J=0

DO 70 L=1+46+5

J=J+l

E{(J)ImEA(L)

Q({J)=sQB(L)

54
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C**** COMPUTED VALUES OF AIRCRAFT CONSTAN.S

SUMSDRQ=0.

| SUMSQX=0.

 SUMSQY=0.

SUMSQZ2=0.
DMY=5295/GV

‘ "rj;DMXaomvfz.o

DM?’DMY*105

‘DBMY=80686*ALOG‘DMY/02193’

DBMX=DBMY=6.

NEMZ=DBMY+34522
IF(UV.GTo12007)DBMXIOoO
IF(GVelTale5)DBMZ=47,66

 ZWAX=e002#EXP(1518#DBMX)
ZWAYR,002*EXP(«1518%#DBMY )

‘ZdAZsaooz*EXP(.1518*DBMZ)

CHERS

" WAX=OMEGA {DBMX)
“WAY=OMEGA ( DBMY)

WAZ=OMEGA (DBMZ ) : ‘
COEFFICIENTS FOR THE CENTRAL DIFFERENCE EQUATIONS

DMX=-DMX

DMY = =DM Y

. DMZ =-DMZ

CX”lo/(lo+oOl*Z“AX)
CXE31=,005#DMX#CX
CXE2=24,0001#DMX#ZWAX*#CX
CX2=(24=a0001*WAX®WAX ) #CX
CX1=(120~0401#2WAX)#CX

CY=s 1e/(le+eQl%ZWAY)

. CYE3124005#DMY*CY

. CYE2=40001#DMY*ZWAYHCY

Cresn

100

CY223{2e=e 0001 #¥WAYRWAY) #CY

CY1=(190~0001lZNAYY*CY

CZ*le/(le+e0142WAZ)

CZE31=,005%DMZ*C2

CZE22,0001#DMZ*#ZWAZ*CZ

C22=(24~e00C01*WAZ#WAZ )0 CZ

CZ1»{1e0~0e01#2ZWAZ)%C2

ITERATION OF THE DIFFERENCE EQUATIONS

DO 100 JU=1l,2

XtJ)=QtJ)

Y(J)=X{J)

2(J)=y(J)

00 200 J=1.8
X(J+2)=sCXE21#(E(J+2)=E(J)I+CXE2RE(J+1)+TX2¥X{J+1)~CXi¥X 1))
Y(J42)=CYEBIH(E(J+2)=E(J) Y+CYERE{J+]1)4CY2RY{J+1)=CYI#Y ()
2(J+2)=CZEBIH(E(J+2)=E(J) Y+CZERE(J+] ) +CL2%Z(J+]1)-C21%21))
SUMSQOX=SUMSQX+ (X {J+2)=Q(J+2) ) na2
SUMSQYSsSUMSQY+{Y{J+2!=Q(J+2) ) 082
SUMSQZ=SUMSQZ+(Z(J+2)~-Q(J42) ) %2

SUMSDO=SUMSDQ+ (Q(J+2)1=G(2) 1 ##2

%5
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Chrud

CHEn

CALCULATION OF RMS ERRORS
RMSX=SQRT (SUMSQX/SUMSDQ)
RMSY=SQRT ( SUMSQY/SUMSDQ)
RMSZ=SQRT(SUMSQZ/5UMSDQ)
DECISION WIETHER TO CHANGE GAIN
PRERR=GVERIL

TFIK=1)16+30416

30 IF(I{RMSX4GTARMSY) e ANDe {RMSY«GTeRMSZ))GO TO 9
IF{(RMSXeLToRMSY)sANNG (RMSYLTeRMSZ))GO TO 11
GO TO 16
Crunxt GAIN WAS TOO HIGH
9 GV=GV/1.,072
IF(GV~=1e) 104848
10 Gv=l,
GO TO 8 ~
11 IF(RMSZ oL Te(30%#RMSX))IGO TO 16
Chasx GAIN WAS TOO LOW
GVa(GV#1,035
IF(GV=24144) 8¢8e12
12 V=241 .4 '
8 3VRAT=2GV/REQDGYV
IF(GVRAT=1e¢) 13,414,415
13 GVERR= ~8+.686%AL.OG(14/GVRAT)
GO TO 16 : ‘
14 GVERR=0,
GJ TO 16
15 GVERR=8,686#ALOG(GVRAT)
Couax OUTPUTS TO BE PRINTED
16 DO 300 M=1,10 :
XERR(M)=X(M)~-Q(M)
YERR(M)=Y(M)~Q(M)
300 ZERR(M)=Z(M)=Q{M)
WRITE(6922)R{1)+yRMSXsRMSYsRMSZ »PRERR
22 FORMAT(F4el970X93F10e4sFl6el)
WRITE(6+60)(Q(M)9sM=1,410)
60 FORMAT(20H AIRCRAFT PITCH RATE+10F10e4:
WRITE(6+61)(XERR(M) sM=1,10)
61  FORMAT{20H X DIFFe EQNe ERROR 510F10e4)
WRITE(6+62) (YERR(M) s M=15»10)
62 FORMAT(20H Y DIFFe EQNe ERROR 310F10Qe¢4)
WRITE{5+63)(2ERR(M) sM=1,10)
63 FORMAT(20H 2 DIFFe EQNe ERROR 410F10e%s/7)
I=0
RETURN
END
SIBFTC OME

FUNCTION OMEGA (DBGEN)
IF(DBGEN.GTelle!) GO TO 53
OMEGA= 5.4 038DBGEN

RITURN

IF{45.,5.GE«DBGEN) GO TO 56
OMEGA=DBGEN=40+6

RETURN

56
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56 OMEGA=-¢57+¢121*DBGEN
RETURN

END
SUBROUTINE SR2(XMEANsSTDsISTART sDsEsFsANS)

ISTART=[START#30517578125
ANS=OR(ARS(ISTART¢8)2#%34)
CALL MIMRN(XMEANsSTDsANS)
RETURN

END

57
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Appendix B

Digital Simulation of the Effect cf Vertical Random Wind
Gusts on the Performance of ithe Gain Computer

Effect of Gusts on the Airframe

For flight through atmospheric turbulence only the vertical
components of wind velocity (Wg) have any influence on the aircraft
longitudinal motion. The principle effect is that &8 downdraft
(positive in the NACA axis convention) results in & negative incre-
mental change (ag) in the angle of attack, owing to a change in

direction of the relative wind.
w

ag = - 51.3 = (des.) (B.1)

where U ig the aircraft forward velocity.

Spectral Density of Turbulance

Over a short period of time variastions in atmospheric turbul-
ence may be assumed to have a stationary Gaussian distribution
within a local region of the atmosphere. This assumption implies
that the region or time is small relative to the entire flight path
or flight duration, but is large enough for statistical equilidrium
to he achieved (Ref. 18:5). At any instant within such a region
along the flight path the wertical components of wind velooity are
characterized by the root-mean-square (r.m.e.) intensity, and bdy
the spatial distribution of velocity. By Fourier analysisz, this
spatial distribution may be decomposed into sine waves, each of
which has an associated wave number, The predominant wavelength,
the one which contains the largest turbulence energy, has typiocally
a length ( hp) of 0.8 miles, s0 that the frequency (fp) st which an
airocraft traverses these waves is,

fp = ; (3’2)

An approximate expression (Ref. 15:12) for gust power spectral
density ( ¢8(w), ft?/aoo? per radian/sec.) which reflecis the influ-
ence of flight speed on the received distridbution of gust veloocity
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is given below, -5
4 TE '8
g (w) = 55 for O<w<c e (B.3)
& l +w Tg
where, w = 2xf (rad./sec.)
wg = mean-square gust veloocity (:t‘t?/sec?)
A . 666
and, T, = 5;%- 5 (sec., for U in ft./sec.)

Fquetion (B.2) has been used by Cornell Aeronsutical Laboratory
(Ref. 3:25) for testing the gust response of a proposed supersonic
transport aircreft, and is the expression for spectral density which
wag used in this simulation.

Analog Simulation of Gusts

RBefore the digital simulation of gusts is described the more
familiar problem of analog simulation will be mentioned, because it
illustrates the relative simplicity of all-digital simulation.
Equation (B.3) may be written,

J— 2
Bolw) = a7 W

(B.4)

1+ ijs

From the form of equation (B.4) it is clear that the required
spectral distribution could be obtained by analog means by passing
whiteunoise of (uniform) power density 4T8;g through a first order
filter of time constant Tg. Although the bandwidth of practical
white noise generators is necessarily restricted (e.g., DC to 40
cycles/sec, for lodel 401 from Electronic Associates Inc.), the
filter putput approximates the required noise characteristios suffioc-~
iently accurately for most purposes as long as the noise generator
has a uniform power output up to a frequency of a decade or more

above the filter cut=off frequenocy.

One method of obtaining samples of bdand~limited noise for use
in a digital computer nrogram is to record the filter output on
magnetic tape via an analog-to~digital converter, but there are
several disadvantages to this technique:

a., The sampling time intervals (t.) used in making the tape

29
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determine the integration step interval which must be used in
the program, and hence the accuracy of the simulation. Any
difference between the two time scales alters the effective
cut-off frequency of the filter, and so changes the noise

characteristics.

b. A new tape is required for each Flight Condition, since
the filter cut—off frequency is a function of the airocraft
velocity.

c. There is a physical problem involved in makir.g the tapes
and ensuring compatibility with the computer installation.

Digital Simulation of Gusts

A simple method of generating band-limited noise samples by
means of program statements is to smploy the Gaussian random number
subroutine. The method outlined below ensures that the resulting
wind gust samples (W, , n = O, 1, 2, ...,) have the required spectral
density, as specified by equation (B.3).

Although the physically measurable wind gust spectral density
exists only over the range of positive frequencies, it is usual and
convenient for the purpose of mathematical analysis to define a

spectral density function @'(w), such that,

Sn) - 1/2 ¢8(') for O¢w< o0 (.5)
1/2 ¢8(-—w) for -cacwgO

so that @'(w) is an even function.

The autocorrelation function for @#'(w) is defired as,

Rg(T) = -—['(v) ™ 4 (B.6)
= ' 8 s -ﬂ‘-’—% dw
le+w Tg
-»

Hence, by the use of contour integration,

R(Y) = W2 exp(-t¥Y/ Tg) (B.7)

60
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In equation (B.7) the absolute value of T has been taken
because the autocorrelation function is always even. It may be
noted that the value of the autccorrelation function for ¥ = O
yields the mean-square gust veloocity. A further useful property
of the autocorrelation function, which will now be used, derives
from the fact that all waveforms which have the same power spcctral
density distribution also have the same autocorrelation funotion
(Ref. 11158).

Suppose that the wind gust samples are formed at time intervals
t, from the sequence of random numbers N, (n =0y 1, 2y ees)y having
a specified varience a2 and sero mean, in the following way:

'3n+1 - N ¢+ lgnoxp(—ﬂta) (B.8)

n

where the term exp(-ft,) represents a decay factor for the
previous gust sample, and the starting value '50 may be arbitrarily
chosen, It may be shown (Ref, 7:1-130,1-131) that at the discrete
delay times given by T = nt. the autocorrelation function for the

samples 'gn is, 2 -
R(Y) = 1‘—_—:3-&% (B.9)

Hence, if R(T) is to be identical to Rg(‘?) it is neceesary that,

2 -
wg oxp(-ivi/T,) = % (B.10)

Thus, p = 1/7g
and, "2 - '2[1 - oxp(-zt./'rg)] (B.11)

Use of the Wind Gust Equations

To test the performance of the gain computer in the presence of
randon inputs a wind gust intensity of r.m.s. value 20 ft./sec. was
selected, since this magnitude was used by Honeywell (Ref. 9:4) in
the development of adaptive oontrol systems for the X-15 and X-20
(Dyns Soar) vehicles. For the integration step interval (t,) used
in the MIMIC simulation program a sise of 0,0005 seo. was chosen as
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a compromise between accuracy of computation and time taken by the
IBM 7094 computer to complete a simulation run. Then, for each

Flight Condition the time constant TG was calculated from the

aircraft velocity, as shown under equation (B.3)., Substitution of .
the values for ;g; tgs and Tg into equation (B.11) gave the varience

required for the random number subroutine. The wind gust samples .

were then calculated from the random numbers by the use of equation
(Be8). Finally, samples of the disturbance angle of attack were
found by substituting the wind gust values into 2quation (B.l).

Results of the Simulation

Figures B.1 through B.4 show the aircraft response and perfor-
mance of the gain computer in the presence of random wind gusts.
The dither signal was used, but there were no pilot command inputs.
It should be noted that the veriical scales in Fig. B.4 are differ-
ent from those in the other three figures, and in all four the scale
of AK  ic twice that which was earlier used, so that the finite | .
step changes in gain are visible. Starting from the top trace, the
ocurves are:
a. Wind gust velocity, '8‘
b. Incremental change in angle of attack, a.

6. Normal acceleration, n_.

d. Aircraft pitoh rate, b‘.

e. Elevator defleotion angle, 6..

f. Control loop gain error, AKV.

Airoraft gust sensitivity, in terms of its normal acceleration
and pitoh rate responses, is known (Ref. 14:13) to be primarily
dependent on the lift curve slope (proportional to Lc) and the
static stability (proportional to la)’ respectively., These relation-
ships are apparent when the n, and 6. curves are compared with the
magnitudes of the L and M stability derivatives (Appendix C,

Table I) for each of the Flight Conditions. For example, in Flight
Condition 28 (Pig. B.l), where L, takes on its largest value, the
normal acceleration response is also the greatest of the four, with
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peaks of % 2.5g, For a manned aircraft this acceleration level is
obviocusly unacceptable, and in practise is unlikely to arise,
because:
a. An r.m.s8. gust intensity of 20 ft./seo. represents severe
atmospheric turbulence, for which the probability that it will
bte encountered is less than 0.0l per cent (Ref. 15:3).

b. In simulating the aircraft dynamics it was assumed that

the & stability derivatives were negligibly small (Appendix C).
This assumption implies that the pressure distribution over the
wing changes instantaneously when the angle of attack is
suddenly changed {Ref., 5:158). For pilot commands transmitted
through the pre-~filter mudel reference the rate of change of
angle of attack is sufficiently slow for the assumption to be
valid. However, as the Figures show, wind gusts can cause very
rapid changes in the angle of attack, and the assumption is
then no longer strioctly correct. Qualitatively, if the aero-
dynamic lag is taken into consideration, it may be seen that
the peaks on the curves in Figs. B.1 through B.4 would be
considerably smoothed,

To ensure that the aircraft and control system had achieved a
'steady-state' all the simulation runs with wind gust inputs were
made 15 sec. long, of which the Figures show only the first 6 sec.
The aircraft responses for the first 6 sec. are representative of
the complete run, but except for Flight Condition 28 the loop gain
decreased further., For Flight Conditions 7 and 24 the average gain
error was approximately -6 dB, and for Flight Condition 32 was =4 dB. .
The gain for Flight Condition 28 could not decrease below its design : ' ¥
value, as defined by equation (D.6), since the variable gain setting
(Kv) was then on its lower end stop for this condition of maximum
elevator effectiveness. It may be noted that in Figs., B.1l through

Bs4 the dither signal is not apparent on the pitch rate curves
because of its small amplitude (Ref. page 25).
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Appendix C

Aircraft Short-FPeriod Equations of Motion and Transfer
Functions in Terms of the Pitch Stability Derivatives

The Basic Equations of Motion

A complete development (e.g. Refs. 2 and 5) of the general,
linearised airaraft equations of motion involves the use of a
considerable number of approximations and qualifying statements,
and is quite long. Consequently, only a brief outline is given,
together with an indication of the principal assumptions.

From the point of view of the control system designer it is
convenient if the equetions are ultimately expressed in transfer
function form. A complication which is often encountered is that
the equations are written in non-dimensional form. However, for
supersonic flight the veriations in magnitude of the non-dimensional
stability derivatives (coefficients of the differential equations)
as a result of Mach Number effects cannot be ignoredj; in this event
the most straightforward approach is to associate with a number of
reference Flight Conditions a distinct set of numerical values for
the stability derivatives,

The basic equations of motion may be derived in the following

ways

&, A body axie system is assumed to be rigidly fixed to the
airframes the axes are known as sitability axes if, when the
girocraft is flying straight and level, the x-axis is direoted
along the aircraft velocity vector, the y-axis along the
starboard wing, and the z-~axis downwards. The use of these
axes enables the equations to be derived in their simplest form.

b. Euler's equations of motion for a rotating rigid body and
Newton's equations for motion of the center of mass are written
as the moment and force squations, respectively. The external
forces acting on the airframe are due to serodynamic forces and
gravity forces, while the external moments about the center of
mass are due to aerodynamic forces alorie.
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c. Each of the foroes and moments is assumed to consist of two
componentss one a constant component, determined by the partic-
ular reference Flight Condition, and the other a perturbation
component vhich arises when the aircraft is disturbed from the
reference, The perturbation values of the mercdynamic forces
and moments are assumed to be linear functions of the distur-
bances, a concept which gives rise to the definition of the
stability derivatives.

d. The steady~state values of the forces and moments are sub-
tracted from both sides of the resulting equations, and prod-
ucts of small angles and angular rates are neglected. When

this is done, it is found that the linearised longitudinal
equations are decoupled frem the lateral equations., A further
simplification of the equations results if the airflow around

the wing and tail is assumed to be quasi-steady. (e.g. Ref.2:21,
eans. (1-59). For the X-15 the non-dimensional derivative Czq

is zero, and the lest assumption implies that Cz and Cm. are

negligibly small,) & a

e. When only the short-period mode is considered (i.e. if the
comparatively low frequency phugoid mode is ignored) the small
variations which occur in the aircraft forward velocity are
insignificant. Finally, if it is assumed that incremental
changes in gravity forces which result from small changes in
pitch attitude are negligible compared with the incremental
serodynamic forces, then the following basic equations of

i

#
3

§

)
%

motion apply:
L4

8, - M, &, +M o+ M Se (c.1)

¢ - @, -L a-L § (c.2)

where, 6& = pitch rate (deg./sec.)
a = incremental change in angle of attack from
the reference value (def.)

$ = elevator deflection angle, measured from the

trim vosition (de=z.)
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Values of the moment (M) and 1ift (L) stability derivatives in
equations (C.1) and (C.2) for the four Flight Conditions (F.C.)
which were - 1died are & »n in Table I, Details of the reference
’conditions.f\r which the .:tability derivatives were obtained are

listed in Table II (data from Ref. 12).

Table I
Stability Derivatives

LIRS STINEN ST e TP BT o1

Derivative: Mq la M@ La Iq
. -1 -2 -2 -1 -1

Dimensions: (sece” ) (sec.”) (sec.”) (sec.” ) (sec.”)
F.C. 28 -2.45 =49.93 -52.95 2.527 0.5801
F.C. 7 -0.,2299 -11.18 -9.097 0.2529 0.04364
F.C. 24 -0.,0342 -3.520 -1.741 0.0546 0.007145
F.C. 32 -0.05202 -0.2537 -0.2193 0.04999 0.01218

Table II

Reference Flight Conditions

Condition: Altitude Mach No. Angle of Velocity Dynamic
Attack U Pressure
Dimensions: (£t.) - (deg.) (ft./sec.) (1b./£42)
F.C. 28 10,000 1.2 0.5 1078 1467
F.C. 7 50,000 1.5 5.0 1453 381
F.C. 24 100,000 3.0 11.4 3014 142
F.C. 32 0 0.2 17.0 223 59

The Short-Period Transfer Functions

When the Laplace transfcrms of equations (C.l) and (C.2) are
taken and the variable a is eliminated, the transfer funotion whioh
relates pitch rate to elevator deflection angle is obtained:

o+ (L, - ¥ Ig/ M)

ol (L‘.- lq)s + (~-M '.ql'a)

(C.3)

It is convenient to write this equation in an alternative form,
in which the airoraft short-period time constant (T,), damping
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factor ( .Sa), and natural frequency ('a) appear explicitlys

éa(a) s + 1/’.1‘&
6_;(9_5- % 8+ 2Sawaa + wi

2 2 2.
where, w_ = ¥ qua (rad?/sec?)

(c.4)

aJ v, = L= ¥, (rad./sec.)
and, 1/T, = L - L /M (sec3l)

The following table is then obtained by substituting numerical
values for the stability derivatives into the above equations.

Table III
Pitch Rate Characteristics

Parameter: Aerodynamic Natural Damping Time
Gain (M;) Frequency Factor Constant
Dimensions: (sec?z) (rad./sec.) - (sec.)
F.C. 28 -52.95 7.492 0.3325 0. 4829
F.c. 7 -9.097 30353 000720 50017

FQCQ 24 -1.741 1.877 000237 24‘91

F.C., 32 -0,2193 0.5111 0.0997 28.06

A variable J 1is defined by,
§ = o -3 (c.5)
The normal acceleration (nz, positive for eyeballs down) of

the center of mass of the airoraft is related to ¥ by (Ref. 20:141),

n, = g-,!.-g-g (g's) (c.6)

From equation (C.6), it may be seen that the normal acceleration
is not eimply proportional to pitch rate while the angle of attack
is changing. This important fact is emphasised by solving equations
(ce1), (C.2), and (C.3) for the transfer function which relates
normal accsleration to pitch rate.
2
n_(s) Ly s -Iql+(-l¢+l'La/L‘)

U
é(a) " 5.3 iy s +1/T, o)

n
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The behavior of the normal acceleraticn response with respect i | ?ﬂf
to the pitch rate response is illustrated by considering two approx- !
imations to equation (C.7): :

a, For a step command input, the initial pitch rate response
mey be approximated by a remp function. This assumption
implies that 33(‘;) is a constant, and hence, by applying the N
initial value theorem to equation (C.7), the normal acceler-

ation in the region of time zerc is obtained,

Ly .
n(40) = g m &%) (c.8)

Therefore, since I« is positive and H‘ is negative, the initial
sense of n, is anti-phase to that of the change in pitch rate. ;
This non-minimum phase phenomenon hss a simple physical explan- o3
ation. For example, to initiate a climb a positive pitch rate ]
is required, which is produced by a negative elevator deflect-
ion angle. The immediate result is a reduction in the 1lift :
component generated by the tail, and until the angle of attack ; !
is increased sufficiently for the wing to provide correspond-
ingly more 1ift, the direction of the normal acceleration is f

opposite to that required.

b. If Ta is large, there is a period of time after an initial ? S
transient when the numerator dynamics associated with equation ]
(C.7) may be ignored. In this event the equation is approx-

imated by, (s)
n,(s K
ca(s) " e+ 1/'I'a (¢.3)

where K is a (positive) faotor of proportionality. Thus,
the normal acceleration follows the pitch rate, but with a lags
only in the stcady-etnte is the normal acceleration directly
proportional to the pitch rate, and even then the proportion- .
ality factor is a function of the airoraft velooity. It is
generally accepted that pilot cpinion of aircraft handling
qualities is strongly influenced by the form of the normal

acoceleration response. Consequently, an airoraft whioh has

12 ..
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a pitch rate command control system which does not overshoot
for a atep input is likely to be rated 'sluggish' (Ref. 20:20).

Aircraft Regponse Curves for a Step Input

Figures C,1, C.2, and C.3 show the aircraft response curves for
a step command input of 0.5 deg./sec. For each Flight Condition the
loop gain was set at its design Value (defined in Appendix D), so
that the phase and gain margins were the same for all three condit-

ions. Starting from the top trace, the curves are:
a. Output of the pre-filter model, 6m'
b. Aircraft pitch rate, &

c. Difference between pitch rate and rate of change of angle
of attack, ¥.

d. Elevator deflection angle, Se.

The pitch rate curves show that, if the gain computer is able
to identify the elevator effectiveness and set the loop gain
accordingly, the aircraft will follow the model reference with
negligible error. When the normal acceleration curves (proportional
to ¥ ) are compared, the effeot of the large time constants (T‘) in
Flight Conditions 7 and 32 on the lag of acceleration with respect
to pitch rate is seen. Also, in Fig. C.3 the non-minimum phase
characteristic of the normal acceleration response is apparent.

An inspection of the numerator of equation (C.4) indicates that
the pitch rats response may be considered to consist of two compon-
ents: one proportional to the derivative of the elevator deflection
angle, and the other proportional to 1/'1‘a times the magnitude of the
angle. Thus, for values of T‘ significantly greater than unity the
derivative component is dominant, and this effect is particularly
noticeable in Flight Condition 32 (T‘ = 28.06), where the elevator
rate remained almost constant for about twenty seconds.
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Appendix D

Design of a Compensator for the Control System

Design Requirements

A block diagram of the complete control system is shown in
Fig. 1., in which the pre-filter model reference is a simple first
order lag, with a break frequency of 2 rad./sec. The object of the
design was to make the overall response, from pilot command input
to aircraft pitch rate, follow the output of the model reference.
This may be achieved by making the bandwidth of the closed loop
portion of the control system five to eight times that of the model
for all Flight Conditions.

Control Loop Components

Aircraft., Phase angle - frequency curves for the sircraft
elevator deflection to pitch rate transfer function are shown in
Pig. D.1. The steep slope of these curves in the region of the
airceraft natural frequency is indicative of the low damping of the
airframe without pitch stability augmentation. For frequencies
above 20 rad./eec. the aircraft transfer function, given by equation
(C.4), may be approximated by,

8, (iv)

%T"T = ;‘; (Del)
Thus, the high frequency gain of the aircraft tranafer function is
direoctly related to the value of M. As 8 result, the gain cross-
over frequency (where the loop phase shift is ~180 dem,.) and the
gain margin may be held constant for all Flight Conditions by
adjusting the variable gein element (Kv) inversely to M,. Further,
since equmtion (N.1) nhows that the aireraft high freguency nhaae
Aangle is the same for all Flight Conditions, the phase marsin will
also be constant. Hence, the gain computer is required tn 'measure'
the value of l‘ as accurately as possible,

Servo/Actuator Combination. The servo-cylinder and power
actuator tranafer functions (Ref, 12:69) are shown in rfig. 1.2,

7
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where phase angle - frenquency curves are plotted for three values of
servo gain and feedback. In each case the servo gain was selected
to give a servo natural frequency of 180 rad./sec., and except for
the case of unity feedback which was not used, the feedback transfer
furiction was chosen to cancel the actuator lag. For the non—-
integrating (K2 and H, in Fig. D.2) and integrating (K3, H3) servos

the transfer functions for the serve/actuator combination are,

$_(s) .
Non=Integrating e - 6.67 31200 (0.2)
Servo: v,(e) e° + 18082 + 324008 + 31200
Integrating 59(8) . 6,67 1802 (D.3)
Servo: Vo(®) s 82,1808 + 1802

The firast tests on the closed locop control sysiem were carried out
with the non-integrating servo, but because a droop occurred in the
pitch rate response (kig. D.7) all subsequent simulation was done
with the integrating servo. If should be noted that for the purpose
of simulation the factor 6.67 assooiated with the servo/actuator
combination Hau_been incorporated in the fixed gain element (Kf).

Rate Gyro. From Figs. D.1 and D.2 it may be meen that for
frequencies above 20 rad./sec. the aircraft and servo/actuator angles
contridbute close to ~180 deg., or more. A high frequency rate gyro
was therefore chosen, so that it would have only a amall phase shift
in the region of 20 rad./sec. up to the gain crossover frequency.

The rate gyro phase angle -~ frequency ourve is shown in Fig. D.2,
and its transfer function is given below,

(XO)) 4002
8a(“) i 82 + 4008 + 400° (2-4)

The Complete Control Loop

Phase angle - frequency curves for the uncompeneated control
loop (with non-integrating servo) are given in Fig., D.3, and in
igs D.4 the corresponding gain - frequency curves Aare presented.
These Figures also show the phase and gain characteristics of the
chosen compensator, whoae transfer function is,
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v, (8) 10 (s + 20)
v,(s) " 8 + 200 (.5)

The requirements which dictated the use of this compensétor
weres

a. An inspéctioﬁ of the open loop phase angle curves in

®ig. D.3 showed that a lead network was necessary to obtain

the required bandwidth.

b, The upwards break-frequency snd the attenuation factor
had to be as small as possible. This was to ensure that high

frequency noise would not become troubleaome.

¢s A lower limit for the upwards break-frequency was deter—
mined by the resonance peak'at 7 rad./sec. in the gain -
frequency curve for Flight Condition 28. In the uncompensated
case (Fig. D.4):ﬁhere was a 15 4B decrease in gain in the
octave between $"and 16 rad./sec. By placing the compensator
pwawda braakwfrequency at 20 rad./sec. it was possible to
roalame a 13 4B gein rolleoff in this ootave (Fig. D.6),
whioh onabled a satisfactory gain margin to be achieved in
conjunction with a high loop gain at the lower frequencies,

The dasign value of the control loop gain eetting was then
established in the following way:

a, The gain = frequency curve for Flight Conditicn 28 was
taken aa & reference when both the variable gain (K,) and the
fixed gain (Kf) were set to unity.

be It was assumed that the gain computer would normally be
capable of correctly identifying the true value of elevator
effectiveneas for any Flight Condition, so that it would be
able to set the gain correctly at its design value.

¢e ‘The variabdble gain was changed as a funvtion of the computed
elevetor effectiveness (I‘y) by the ~elation,

xv ' Uomputed elevator elreciiveness (D.6)
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d. 'Thus, the design value of Kv for Flight Condition 28 was
defined to be unity. Also, for example, the design value for
Flight Condition 24 is given by,
K, (#eCo 24) = 52.95/1.741 = 30.42 = 29.7 dB

where the true elevator effectiveness for Flight Condition
24 (from Appendix C, Table III) has been substituted into the
denominator of equation (D.6). It follows that, if the comp-
uted elevator effectiveness is in error from the true value,
then the setting of Kv will be correspondingly in error from
its design value. Hence, in order to assess the accuracy of
the gain computer. a loop gsin error (AKV) is defineds

K, (actual)

E:fTE;;;E;T (aB) (p.7)

AKv = 20 log

e. In Fig. D.4 it can be seen that the effect of inoreasing
the loop gain for Flight Condition 24 by the design value of
Kv (29.7 dB) is to cause the gain curve for frequencies above
20 rad./sec. to become co-inocident with that for Flight
Condition 28. The same result applies to all other #light
Conditions.

f. The fixed gain factor was then set at a value of 10

(Kf = 20 dB), which provided the maximum attainable phase
margin, and a gain margin of 11.5 dB, Phase and gain curves
which illustrate the net effect of lead compensation and gain
adjustment are contained in Figs. D.5 and D.6.

Control System Bandwidth

It was mention«:i 2arlier that the (major) portion of the
control system which follows the model reference should have a
closed loop bandwidth of five to eight times that of the model
(i.e. 10 to 16 rad./sec.). To oconfirm that this oondition was
satisfied, a closed loop frequency response ocalculation was made
for Flight Condition 28, with the non-integrating servo included
in the loop. It was found that the olosed loop gain from model
response ém) to aircraft response ( é.), measured with respect
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to the zero frequenocy gain, was 3 dB down at 12 rad./seo. and 6 dB
down at 22 rad./sec., and was therefore considered satisfactory.

AnwuthﬂmuCuneﬂrgM@I@u

When the non~-integrating servo was used, the control loop was
Tyve Zero, and consequently, a steady-state error in the final value
of the pitch rate response was expected. This error appears as a
droop in the pitch rate response, as shown in Fig. D.7. Since it
was not practicable to increase the loop gain any further, an
integrating servo was adopted. The improved response with the
integrating servo is shown in Fig. D.8. The significance of the
plots of the term ¥ in these two Figures is explained in Appendix c,
where curves showing the step responses for the other three Flight
Conditions are contained.
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Appendix E

Approximation of the Aircraft Pitch Rate Transfer Function
by Finite Difference Equations

Derivative Approximations

When a function y(t) is tabulated at equal intervals (TB)‘of

an independent variable t, the derivatives of the function at any

of the tabulation points may be obtained by the use of finite 4iff- -

erence formulas. These formulas all involve linear combinations of

P i the iabulated values in the neighborhood of the point where a deriv-
ative is required to be evaluated; such a point is known as the
pivotal point., In general, the independent variable is not necess-
arily time, nor do the points have to be tabulated at equal inter~
vals, However, in the simulation of a physical system by-méans of
differential equations which relate the time variatioh of the output

. to the input, the independent variable of interedt is time, and it
is & practical convenience to sample the system behavior at equal

. increments of time.

Differentiation formulas may be generated by starting with s
Taylor series expansion for the (usually unknown) function in the
region of a pivotal point. Then, through the use of the differsn-
tiation operator D and the forward, central, backward, and averagsr
operators 4, 5, ¥, and ,0, reaspeotively, the necessary weighting
factora for the tabulated values can be found., Details of the
derivation of formulas for the weighting factors are contained in
Ref, 19, Ch. 1I, from which Table IV was compiled.

Construction of Difference Equations

As an example in the use of Table IV, a difference equation
will be consiructed for the aircraft pitch rate transfer function,
equation (C.4). Re=writing equation (C.4) in differential operator
notation, and with Yi and E1 representing 6. and Sb, respaectively,
at the pivotal point i,

(D2 v23 @D +wo)Y, = W (D +1/7)E, (E.1)
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Table IV

Weighting of Sample Point Values for Derivative
Approximations at the ith. Point

Order of Approx~- Scaled Semple Points
imation and Type ¥ Derivative i=3 i-2 i=1 i i+l 142

l1st. Forward

-r.nD‘ 1 “2 1
;21;[) =1 0 1
l1st. Central
apa -
'T;l) -] 1l
1st., Backward
D 1 -2 1
2% D 1 -4 3

2nd, Backward .
| ‘!‘.‘D \ -1 4 =5 2

To approximate equation (E.,1) by means of central differences,
it is first multiplied on the left hand side (LHS) and the right
hand side (RHS) by T2. Then, from Table IV,

2py, W (Y

1's i

11 ~ 2 + Y )

2
1"9 2 3&'& Iy = T ('Y:l-l M Y:h-l)
and, ‘ri in s ® 'iff Yi

Therefore, by adding the above equations, and collecting like
terms,

2 [
s - (1-gw, 7)Y, ¢ (-"lf- )Y, + (1 + Qv 7)Y,
Simillrl.v,
RHS Y (B ﬁ-&
* T M (E - B ,) R E,
D

‘thus, equating LHY and RES, and solving for Y1+1,
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lst. Order Central Differences

| i 2.2 -
i T W[(Za-'a«r )Yy ( 3a."la."'sa) i-1

aut 'Ts“l

In a similar way, by using alternative approximations for the
derivatives trom Table tv, the following equationa may be obtained:

i

lst. Order Forwa.rd Differences

| Yh-i " (2(.3‘3‘.""‘9.73“:* v T =1 )Y 1? ‘(2«-*2"9. Yals )Yi
‘+ “T;\‘~u‘ (in - Ei_‘;l)‘-& -—-;i‘-;- 1 (Eo3)

_I‘fﬂt. Order Bwkward Ltferg_ges

S [(2+2¢w7)r )
14 1+28w1'+w i1
N ' { ' (‘f u‘
a
- 2nd, ‘ero* Bwk\-m Difforancu
‘ N \
Yoq = — —z~3 | (10+8%w 7)Y +27, _
\::l+1 4+6%w.'r‘+2w“ff [ :u a's’ 4 i-2
-(8 "2":;'37-)1' - 4T B
2
27 M,
‘ [ ] n
ML R R A """"ra"')"!"uJ (8.5)

An sdditional equaiion may be cbtained by using & lst. order
backward diffevenos approximation for the sesond derivative, in
conjunction with Znd. order bmokward differences for the firast
derivative, Thie mixed order baokward difference approximation
wes uged Ly Stein (Ref. 21:156).
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Mixed Order Backward Differences

1
2+6,\'awars+ 2w§‘t‘

i+l 2 [(4*'83&'&79 ) Yi - 4]‘81:3 Ei
s

.
T Tt g

-(2+ 23&'373 ) Yi-l + i ?a Ei—l

2
27T
PR, ¢ -—1-.-‘-5>E1+1] (B.6)
a8

Iteration of Difference Equations

The forcing function in equations (E.2) through (E.6) is
represented by the sampled values E_ (N e eee =1, 0y 1y oes) at
integral multiples of T At these sampling times, as each new
value of En becomes available, an iteration may be made to find the
computed value of Yn' Thus, when the subscript i is set to zero
'"in the above equations, expressions for the computed values of Yl
are obtained. If the equations are iterated for zero initial
conditions all the En and Yn for n¢0 are zero, so that Yl can
immediately be caloulated. However, for non-zero initial conditions

two or three values (depending on which equation is used) of E, amd
Yn for n€0 are required to be known before the iteration can be
started. In the closed loop simulation program for the complete
control system (Appendix A) it was therefore necessary to use
temporarily stored values of elevator deflection angle and airoraft
pitch rate (from the rate gyro) in order to start the difference

equations.

Accuraoy of Difference Equations

To test which of the difference equation approximations to the .
airoraft transfer function was the most accurate s computer program
was written for the AFIT IBM 1620 machine, In this program the .
airoraft pitch rate, calculated by one of the difference equations { ;

(E.2) -~ (E.6), was compared with an analytically caloulated aircraft
responseé. A listing of the program statements is given at the end
of this Appendix, and an outline of the computations made is shown
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in Figo E.l.

Since this testing was done with no closed loop control system

around the aircraft, it was necessary to assume an arbitrary elev-
ator motion. Equation (E.7) in Table V was chosen to define the
elevator deflection as the respcnse of a 2nd. order transfer

. function (damping factor J,, natural frequency 'e) to a step input
of amplitude S. An &nalytical function for the aircraft response,
equation (E.8), to this elevator moticn was obtained with the aid
of Laplace transform tables (Ref. 13:87). Plots of equations (E.T7)
and (E.8) are contained in Fig. E.2, together with the values of

S S

Creson

j

§ parameters which were used to generate them. It may be noted that

g the values chosen for the airoraft parameters were representative

f of a typical Flight Condition, so that they lie towards the centers

§ of the ranges of variation shown in Figs. 2, 3, and 4. Also, by

g comparing the elevator motion for the first 0.5 sec. in Fig. E.2

3 with that in Fig. D.8, it ie seen that the input function used to
test the difference equations was a realistioc approximation to
elevator motion which could occur in the closed loop system. Henoce,

. the results of testing the accuracy of the difference equations
under open loop conditions were expected to be equally valid for
the closed loop.

Figures E.,3 and E.4 show the normalized r.m.s8. errors of the
difference equations as a function of time. The apparently large
initial errors are due to the fact that the normalization was made
with respect to the aircraft pitch rate (as indicated in Fig. E.l),
which wag zero at time zero. From these two Figures it is seen that
lst. order central differencee give more accurate results than any
of the other 1lst. order approximaticns, and are even more accurate

. than 2nd. order backward differences. The curve for lst. order
baockward differences followed that for lat. order forward differences

in FPig. E.3, and was therefore not plotted.

A particular feature in Figs. E.3 and E.4 is that the errors
for all but the central differences atart to increase when the first
derivative of the aircraft pitoch rate (Fig. E.2) changes sign. This
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is an indication that the approximation for the second derivative

by central differences (Table IV) is the most acourate, a result
B wnich may be derived theoreticslly (Ref, 19:86). For T " 0.01 sec.
the normalised r.m.s, exrror of the central difference equation was
found to be 0.0l per cent after 2.0 sec. (i.e. after 200 iterations); |
the actual error at this time was 0.0008 deg./sec., when the E
anal stical valus of p;tch;rate (P200) was -1.9850 deg./sec., so ;

that the terminal error was 0.04 per cent.

i, s e e

it
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Table V

Analytical Expressions for Elevator Deflection and Aircraft
Pitch Rate Used for Testing the Accuracy of
Difference Equation Solutions

Elevator Deflection

8‘(t) = S[Ii-A:e_a'tsin(C,t-‘D,)] (E.7)
wleu,
i
A, =T

| B’ = s. w.
€ = we Vi =8¢
Dy » tan' ¥l-S

-3

Aircraft Pitch Rate

é‘(g) = ;-:15‘. [l +n,e'.'ts'm (c.t-0) +A,é“tsiu(c‘t —o‘)] (E.8)

Where,
- a[ragun  wmt]*
=gl (P -28 i Sl 28 0E - 02)" + 402 (- 32) (300 - Jewe)* |

B = 3w
c' s e J’ - 3“

b = tai! M8 pg 2 (S SwMi- &
- W -23,0a T Wy + 233 W ~ i}

e WV
e

The constants A2, B?, 02, and D2 are obtained by interchanging

the subgscripts a and e in the expressions for Al’ Bl’ Cl, and Dl'
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PROGRAM INPUT DATA

I. REPRESENTATIVE VALUES FeR TAL AIRCRAKT
rarAmerEns: My, To, 3., Wa

4.
2. CONSTANTS Te SYNTNESIZL A 2" oRegR
ELEVATOR RESPeNSE: S, Y., W

3. SAMPLE ANL ITERATION INTERYAL ; ‘t"

AIRCRAFT
8.(t) vven oy
equarsn (E.8)

sAanPLe /' 4'[“. s

DIFFERENCE
!!u‘r‘og sa, |z

oNg oF QNS
(e.2) - (€.6)

En
‘L ; sAnPLE )

' PROSRAM

ELEVATOR £© | or
s.(t) srvan 8y ERRA AS A NeRMALIZES
gquaTioN (£.7) nug:a:n or
yu"’n
Pg. E.}

Caloulations Made in the Program Used to Test the Aoocuracy
of Difference Equation Approximations to the
Airoraft Transfer Munction
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Relative Accuracy of Various Difference Equation Approximations
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C ACCURACY OF DIFFERENCE EQUATIOM APPROXIMATIONS

(2% X!

DIMENSION SIGH(2) .
READs ELDEGs WEL»s» ZETEL
READy H

Cc REPRESENTATIVE AIRCRAFT CONSTANTS .
DELTM=1040
WAC=3,0
2ETAC=0,1414
TAC=5,0

C CONSTANTS FOR THE ACTUAL PITCH EQUATIONe Al-D2e(8)
S=(ELDEC®DELTM) /7 (TACRWACHWAC)
W1l=wAC
W2=WEL
Z1=ZETAC
22=2ETEL
CALL SIZ2E
GO TO 12
SUBROUTINE SIZE
Fl=wiln2]l
F2=wW2%22
HNUMsW2#W2%#SQRT(1a0~2+0%#TACHF1+TACH*TACHW]1#*yW]l)
RT=SQRT(1.0-21%21) -
C=W1#RT
DaW2iW2=2,0%F1#F 242, 0#F 1%#F1-wWl#*Wl ‘ »
DENSRT#SQRT(D#D+4.0#CHCR(F1-F2)#(F1=-F2)) . s
A = HNUM/DEN ; :
RETURN 3 |

13 Al=A 3 ‘ .

8l=F1 : '
Cl=C
=]

11 TOP=RT
80T=-21
CALL ANGLE
GO TO 14 ; :
SUBROUTINE ANGLE { » ‘
IF(BOT)& 4345 !
IF(TOP)9+347 :
P=3,1415926+ATAN(ABS(TORP/BOT)) 1 l
GO 7O 2 .
P=3,1615926-ATAN(ABS(TOP/BOT)) -
GO TO 2
IF(TOP)B 4346
Pm6,2831853=-ATAN(ABS(TOP/BOT)) .
GO T0 ¢
P=ATAN(ABS(TOP/B0T))

GO TO 2
PUNCH 50

0 FORMAT(11HANGLE ERROR)
RETURN

P

NOW o 0w ~
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14 Plwp
TOP=TAC#C
BOT=1,0-TAC#F1
CALL AMGLE

) p2=p
TOP=2,0%C* (F1~F2)
BOT=D

. CALL ANGLE
SIGM(I)=P1-P2-P
I=141
IF(1-3)10012,12

10  Wls=wEL
W2=WAC
21s2ETEL
22=ZETAC
CALL SI2E
A2=A
82=F1
c2=C
GO TO 11

12 D1sSIGM(1)
D2=SIGH(2)

C CONSTANTS FOR ELEVATOR DEFLECTION EQUATIOMe A3~D3e(4)
A321,0/RT
B3e=F]
C3=(C
D3=p]

SHORT-PERIOD CONSTANTS
ZWAY=Z2ETACSWAC
RTAY=1,07TAC
WAY=WAC

[a X o)

C COEFFICIENTS FOR CENTRAL DIFFERENCE EQUATION
CYR1007(1e0+H*ZWAY)
' CYES1sH&DMY#0, S#CY
! CYE2=HRHADMYRCYERTAY
CT2oCY# (24 0~HPHRWAY#WAY)
CYl=(1e0-HE#ZWAY)®CY

C INITIAL CONDITIONS
PUNCH %6&
. 36 FORMAT(33%H TIME ELEVe ACePeRe COMP,PoReo
C 18H ERROR RMSY PyCee//)
AC3=0,0
R AC2=0,40
E3=0.,0
£220,0
v3=0,0
¥280,0
SMSQA=0,0
SMSQY=0,0
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61
90

32

34

99

‘ - .J‘Y‘swvﬁ :
ITERATION OF rns oxrﬁenencs ebUA?m :
T-0.0 3 o
L=0 Do e b
L=L+1 . , T R
T=T+H S R A
AC1=AC2 o \ .-3 =\w;a:¢«‘\y“
AC2=AC3 ‘ ‘%‘v
Apr1=A1*Expx-al*r)wSINtflnraol) ;
APTZ*AZ*‘XP(~BZ*T§'SIN‘C2*T~02l ‘
AC3=S#(1,0+APTLI+APTZY ~ . ' 4

El=E2 ‘ ‘:‘ Naide

E2=E3 ‘
E3'ELDEG*(1.0+A3*€XP(~839TD*SIN(CQ“T 03))
Yimy2 C |

Y2=Y3

YB-CYEBI'(E3“E15*CYEZ*E2¢CYZ*YZ-CY1*Y1
SMSCA=SMSQA+ACIRACS

‘SMSQY‘SHSQY+IY3 ACS)“(YB*AC3§

CNT={

TEST‘ABS(T*O.I*CNY’
IF(TEST=0.00001)32:32,90
RMSYP-;O0.0*SQRT(SNSQY/SMSQA)
ERR=Y3-AC3

PUNCH 3469+ Toe E3¢ AC3y Y3, ERRy RMSYP
FORMAT(F5.29F7¢Z0F9049F100402F904)
IF(L=20)61:99,99

STOP

END
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